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Abstract

Safety in geotechnical design has evolved from experience and judgment using overall factor of
safety approaches to desigmethods in modern codes of practice which apply partial factors to

loads and to strength parameters or resistances. Explicit treatment of uncertainties using
probabilistic methods has been receiving more attention recently, both in the justificatiomubigb
factors in codes of practice as well as in design and assessment. The Eurocodes are fundamentally
reliability-based, even though not all safetselevant aspects are explicitly tied to the underlying
reliability concepts as explained in the JRC Tathn\ g RéliabilityrbackgtGund of the
Eurocode®European Commission: Joint Research Cehreyuwenvelder, T., Dimova, S., Sousa, L.,
Markova, J. et 312024).

EN 19971 explicitly states reliabilitybased methods as one of the options to verifynit states of
geotechnical structures alongside the partial factor method, prescriptive rules, testing, and the
observational method. The present document serves as a guideline for reliabdigd verification
of limit states in design and assessment geotechnical structures within the safety and reliability
concepts of EN 1994 and EN 19971.



Forewords

JRC Foreword

The construction ecosystem is of strategic importance to the European Union (EU), as it delivers the
buildings and infrastructures needeby the rest of the economy and society, having a direct impact

ji oc n\Va ot ja k mnjin \i_ oc | p\gdot ja ~dod
activities carried out during the whole lifecycle of buildings and infrastructures, namelygdesi

construction, maintenance, refurbishment and demolition. The industrial construction ecosystem
employsaround25 million people in the EU and provides an added value of EUR 1 158 billion (9.6%

of the EU totaP}?®.

The construction ecosystem is a kelement for the implementation of the European Single Market
and many other important EU strategies and initiativ8ee European Green De@OM(2019) 640
final) aims to achieve climate neutrality for Europe by 2050, and relies on numerous initiatives,
noteworthy:

0 the New Circular Economy Action P&@DM(2020) 98 fingland theNew Industrial Strategy for
Europe(COM(2020) 102 finglintending to accelerate the transition of the EU industry to a
sustainable model based on the principles afocilar economy;

0 the revision COM(2022) 144 finglof the Construction Products RegulatiRegulation (EU) No
305/2011) aimingto™ i \] g~ oc~ ~jinomp”~odj.i "Ajntno h%n A2
sustainability goals and embrace the digital transformation of the built environment;

0 the New EU Strategy on Adaptation to Climate ChagOM (2021) 82 finglsupported by the
recent Commision Communication on managing climate riskSOM(2024) 91 fingl that
reinforces the need to address climate change concerns to guarargsiience and sustainability
of built structures and infrastructures and tensure regular scienebased risk assessmernts

& the first Euroman Climate Risk Assessmetiil{ CRAreport whichhighlightsthe importance of
EU policiesfor the built environment including updating construction standards anelated
European dataset

Furthermore ande&cognizing that the EU's ambitions towards a climate neutral, resilient and
circular economy cannot be delivered without leveraging the European standardization system, the
European Commission presented a new Standaation Strategy(COM(2022) 31 fingl The

som\ o bt nkj othme silerd foundatiomofire EV Singleé Market and global
competitiveness )

The EU has put in place a comprehensive legislative and regulatory framework for the construction
sector, including European standards (EN). Within this frameworlgtihecodesre a series of 10
European standards, EN 1990 to EN 1999, providing common technical rules for the design of
buildings and other civil engineering works.fact, theCommission Communication on managing

1 Commission staff working document: Scenarios for a transition pathway for a resilient, greenananel digital
construction ecosysterthttps://ec.europa.eu/docsroom/documents/47996

2 Council of the EU, Press release 30 June 202Bps://www.consilium.europa.eu/en/press/press
releases/2023/06/30/councihdopts positionon-the-constructionproductsregulation/

3 Transiton Pathway For ConstructipEuropean Commission, DG GR@Ms://ec.europa.eu/docsroom/documents/53854



https://eur-lex.europa.eu/legal-content/EN/TXT/?uri=COM%3A2019%3A640%3AFIN
https://eur-lex.europa.eu/legal-content/EN/TXT/?uri=COM%3A2019%3A640%3AFIN
https://eur-lex.europa.eu/legal-content/EN/TXT/?uri=COM%3A2020%3A98%3AFIN
https://eur-lex.europa.eu/legal-content/EN/TXT/?uri=CELEX%3A52020DC0102
https://eur-lex.europa.eu/legal-content/EN/TXT/?uri=CELEX:52022PC0144
https://eur-lex.europa.eu/legal-content/EN/TXT/?uri=celex%3A32011R0305
https://eur-lex.europa.eu/legal-content/EN/TXT/?uri=celex%3A32011R0305
https://eur-lex.europa.eu/legal-content/EN/TXT/?uri=COM%3A2021%3A82%3AFIN
https://eur-lex.europa.eu/legal-content/EN/ALL/?uri=COM%3A2024%3A91%3AFIN
https://www.eea.europa.eu/publications/european-climate-risk-assessment
https://eur-lex.europa.eu/legal-content/ENhttps:/eur-lex.europa.eu/legal-content/EN/TXT/?uri=CELEX%3A52022DC0031/TXT/?uri=CELEX%3A52022DC0031
https://eurocodes.jrc.ec.europa.eu/
https://ec.europa.eu/docsroom/documents/47996
https://www.consilium.europa.eu/en/press/press-releases/2023/06/30/council-adopts-position-on-the-construction-products-regulation/
https://www.consilium.europa.eu/en/press/press-releases/2023/06/30/council-adopts-position-on-the-construction-products-regulation/
https://ec.europa.eu/docsroom/documents/53854

climate risksdirectly mentons the Eurocodes, highlighting the ra&building and infrastructure
standards in integrating climate adaptation and resilience

TheCommission Recommendation 2003/8&Con the implementation and use of the Eurocodes
for construction works and structural construction products recommends undertaking research to
facilitate the integration into the Eurocodes of the latest developments in scientific and
technological knavledge. In this contexthe so-called second generation of the Eurocodes is under
development undeMandate M/515and expected to be available by 2026. The second generation
Eurocodes incorporatémprovements to the existing standards and exterttieir scopeby

embracing new methods, new materials, and new regulatory and market requiremiactading
considerations for climate change impact structural design

Di jm_"m oj npkkjmo oc dhkg h iolodji j»& oc  n°
CEN Technical Committee 250/SGommittee 7 (TQ50/SC7) produced a series of guidelines

addressing the most important new aspects in the standard. The series of guidelines contains the

following documents:

0 GuidelineCl1 ° ? " o mhdi \ od e vaues froam derived waluesofdr vedfication of
gdhdo nolo " n rdoc @l , 442>

0 GuidelineC2° <nn>  h]J]gdib oc™ Bmjpi_ hj_"~g \i oc Tm

0 Guideline C3 °Reliabilitybased verification of limit states for geotechnical structuses

0 GuidelineC4° Dgkh i olvodji ja _ " ndbi di “~s > ~podji \i

Within the framework ofAdministrativeArrangements between the European Commisson Ej di o
Research CentredRC) and DG GROW on support to policies and standards for the construction
ecosystem, JRC isxgaged in activities facilitating the implementation and practical use of the

second generation Eurocodes. In this context, the guidelines BBUSC7 are published as JRC
technical k j mon' k \ mRuppprito tleeémplenmentatioh, harménizati and further
development of the Eurocodes)

We hope that this report will provide a sound and helpful basis for the implementadiuth useof

oc n "ji_ b i " m\odji @hdcontidut totrdning and eduwcationof g ? " nd
the profession#s engaged in geotechnical design, supporting further skills development for

individuals' careers and also EU's competitivenddse report is available to download from the

°@pmj~j _"n5 =pdg _ dtpkeurocedes.jraqueupopelerr r ] ndo  #

The authors have sought to present useful and consistent information in this report. However, users
of the information contained in this report mustssess if such information is suitable for their
purposes.

Ispra,September2024
Frangois Augendre, Head of Unit
Georgios Tsionis, Deputy Head of Unit

E. 3Built Environment Unit
Directorate E Societal Resilience and Security
Joint Research Centre (JRC)

European Commission

10
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CEN/TC 250/SC 7 Foreword

With the adgtion of the 2nd Generation of Eurocode, 7Geotechnical designMember States will
need to implement new procedures in many different topics, not considered in the first generation
of the Code such as the assessment of Representative values, the GroaddIMhe use of

Reliability methods and the implementation of design in the execution phase. To facilitate the
implementation of Eurocode 7, CEN Technical Committee 250(Guhmittee 7 (TQ50/SC7)
therefore decided to produce a suite of Guidelines, foreeach of the most relevant new aspects,

to help ensure that the objectives of the code writers are reached in practice.

According to Clause 4 of Eurocode 7, Basis of design, the fundamental step to ensure that the
prescribed reliability in geotechnicdésign is reached, is the development of a representative
Geotechnical Design Model being the combination of the Ground Model and the set of design values
of relevant geotechnical properties needed for verifications.

The first Guideline of the suite addsses the fundamental process of determining design values of
geotechnical properties from derived values, obtained from a variety of activities of the ground
investigation. Once the representative values of properties, either characteristic (througHistdtis
evaluation) or nominal (cautious estimate), are determined, design values are obtained by applying
the partial factors for a design situation.

The process of assembling the Ground Model is addressed in the second Guideline, where the
importance of the progressive upgrading of the Model with an increase of knowledge of the ground
within the Zone of Influence of the specific structure is highlighted. Note that the concept of the
Zone of Influence in the second generation of Eurocode 7 is sensibly wilafter environmental

and seismic aspects have become central in planning the Ground Investigation and processing the
results.

A significant novel aspect is the use of Eurocode 7 in combination with relialégsed methods.
This is likely to lead to a wy important evolution of safety assessments in geotechnical design in
the coming years. Eurocode 7 like other Eurocodes is fundamentally reliabdggd although

safety verifications are tied to the application of partial factors. However, in the segmkration

of Eurocode 7, Clause 4 explicitly states that reliabilitgsed design is only one of the options to
verify limit states in geotechnical design. As these methods are not usually addressed in most of
the teaching programs, it has been decidexidedicate a specific guideline to reliabilityased
verification of limit states coherently with the safety concepts of the Eurocodes. Moreover, the
objective of this third Guideline is to provide information for code developers to perform reliability
calibration of partial factors given the preparation of National Annexes.

It is well known by geotechnical designers that a great contribution to the reliability of a
geotechnical construction relies upon its execution and its real performance. This is wigoda 7

now specifically dedicates a full clause in EN 19970 the implementation of design during
execution and service life. The fourth Guideline presents measures to ensure that the design is
correctly implemented in the different construction phasmsd how to document the activities

carried out to this scope on the construction site. After a general description of the suggested rules
and methods, the guideline describes good practice for establishing a Supervision Plan, Inspection
Plan, Monitoring IBn and Maintenance Plan, how to establish acceptance criteria and limit values
and gives contingency measures that might be utilized when an acceptance criterion/limit value is
reached. This is implemented for typical geotechnical constructions such asekments, bored

piles, rigid inclusions, and groundwater control.
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The upgrading of Eurocode 7 to the methods of modern Geotechnics was a very difficult task that
has been achieved thanks to the strong involvement of many dedicated people from all European
countries. However, this process cannot be considered concluded with the publication of the new
Eurocode documents alone and there will be a long route to implementing Eurocode 7 into the
engineering practices of the many countries involved.

The involverant of the many members of the Task Group C1 to C4 of SC7, who prepared these
Guidelines is very gratefully acknowledged. These Task Groups have performed tremendous work
over almost 4 years to compile knowledge and experience in European geotechnica¢erigg to

draft these Guidelines.

It is therefore strongly believed that for the transition from the 1st to the 2nd Generation of
Eurocode 7, these Guidelines will be very helpful in clarifying the new concepts and methods. The
Guidelines will also prov@didactic background material that could not be presented in the Code.

Giuseppe Scarpelli, Coordinator Task Group C1 to C4

Adriaan van Seters, Chairman

CEN/T@50/SC2 °B jo ~cid”~\g ? ndbi »
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1 Introduction

1.1 Context

Safety in geotechnical design has evolved from experience and judgment using overall factor of

safety approaches to design methods in modern codes of practice which apply partialrfat

loads and to strength parameters or resistances. Explicit treatment of uncertainties using

probabilistic methods has been receiving more attention recently, both in the justification of partial

factors in codes of practice as well as in design arebassment. The Eurocodes are fundamentally
reliability-based, even though not all safetselevant aspects are explicitly tied to the underlying

reliability concepts as explainedmc © EM> O  ~ci d”~\'g M kj mo %M gd\ ] dc¢
@p mj " (Europaa*%ommission: Joint Research Centre, Vrouwenvelder, T., Dim@&aysa, L.,

Markova, J. et al2024).

EN 19971 explicitly states reliabilitybased methods as one of the options to verify limit states of
geotechnical structures alongside the partialdtor method, prescriptive rules, testing, and the
observational method. The present document serves as a guideline for reliabdigd verification

of limit states in design and assessment of geotechnical structures within the safety and reliability
corcepts of EN 19961 and EN 19971.

1.2 Obijectives

The overarching objective of this guideline is:

To provide guidance for (full probabilistic) reliabdligsed verification of limit states for
geotechnical structures within the safety concepts of the Eurocodes

To this end, the following subbjectives will be addressed:

1. To explain the reliabilibased safety concept of the Eurocodes in relation to geotechnical
design and assessment according to EN 1990 (all parts) and EN 1B97

2. To provide recommendations foarget reliability values.

3. To provide guidance for modelling the uncertainties involved with geotechnical analysis,
including typical statistics for ground properties and model uncertainties.

4. To describe methods and tools for geotechnical reliability apely

5. To describe how to derive partial factors using reliability theory.

o

To formulate bestpractices and provide examples.

1.3 Target audience

The target audience of this guideline is twold:

1. Practitioners applying reliabilithased methods in geotechnicdksign and assessment, in
particular related to the Eurocodes.

2. Code developers using reliability analysis to substantiate nationally determined parameters
(NDP) in the implementation of Eurocode 7 in member states.
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The implication of addressing this targaudience is that the guideline focuses on practical

guidance rather than extensive theoretical backgrounds. Users of the guideline are assumed to have
basic knowledge of probability and reliability concepts; though some background is provided, since
the topic will be rather new to many practitioners.

1.4 Scope

The present guideline document addresses all aspects involved with enabling practitioners to
perform reliabilitybased (full probabilistic) verification of limit states for the design of new
geotechnichstructures according to EN 1990 and EN 1997 as well as the assessment of existing
ones. Furthermore, the contents align with the reliability backgrounds of the Eurocodes as stated in
European Commission: Joint Research Centre, Vrouwenvelder, T.ap8n@ousa, L., Markova, J. et
al. (2024)

When referring to reliability, it is important to realize that the reliability management in EN 1997 is
a broader concept that the reliability (verification) elaborated on in this guideline. Reliability
managament also includes quality control, minimum required site investigation and requirements to
personnel involved with the design, among others. In this guideline, the verification is restricted to
assessing the probability of exceeding limit states basedtbe uncertainties in the ground model,
material properties, actions and calculation models

In addition to guidance for applying (fufirobabilistic) reliabilitypbased methods, this document
contains information relevant for code developers to perform rkiigy calibration of partial factors,
primarily targeting the national annexes to EN 1990and EN 19971. The presented approach to
deriving partial factors may also be relevant in situations when projspecific partial factors need
to be derived.

Basal on the objectives and target audience as stated above, the contents of this guideline aim at
practical application. Generally speaking, textbook material has been avoided, except when deemed
necessary for coherence, readability and providing essentiakgeound knowledge. The approaches

in this document have a proven track record in practical application as much as possible. Ongoing
developments in academia to improve the statd-the-art of geotechnical reliability analysis may

be mentioned in referencebut are not extensively discussed. They may be included in future
updates of this guideline.

1.5 Application of this guideline

The application of reliabiligbased methods in EN 19917 to verify the safety with respect to the
exceedance of limit states is nidikely to replace the conventional methods, nor does this guideline
document intend to do so. Using reliabilibased methods is usually more labdmtensive than
conventional methods (e.g. the partial factor method) and requires additional experietite wi
probabilistic concepts, on top of the geotechnical expertise required to perform any geotechnical
design or assessment. There are, however, situations in which reliabdggd methods can be
preferable to conventional methods. The list below contasaseral examples:

0 design of special structures for which the standard partial factors may not be appropriate;

0 design or assessment of structures with explicit reliability requirements (e.g. acceptable
probability of failure) such as storage of hazardoushsiances;

0 assessment of existing structures for which the standard partial factors are not intended;
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d assessment of existing structures using performance information.

There are also limitations to approaching designs and assessments with reliabadisgdmethods.
For example, in situations in which:

0 the geotechnical design models are very complex and computationally expensive;
0 problems are so simple that it is not worth the effort; etc.

The contents of this guideline are recommendations, not requiremésitgen the relative novelty of
the reliability-based approach, it is paramount that the application is performed by and/or reviewed
by professionals with appropriate expertise.

1.6 Outline

This guidelingFigure 1) starts by summarizig relevant elements of the reliability background of

the Eurocodes in chapter 2, followed by outlining the reliability verification procedure in chapter 3.
Chapter 4 gives considerations for choosing reliability targets and their application. Subsequently
chapter 5 describes the characterization and quantification of uncertainties, which serve as input for
the reliability analysis as addressed in chapter 6. Chapters 7 and 8 are about the special topics of
Bayesian updating and reliabilithased derivatiorof partial factors, respectively.

Figure 1. Visual outline of the guideline

Introduction (CH1)

Reliability background of the Eurocodes (CH2)

Reliability verification procedure (CH3)

Uncertainties in Reliability analysis
geotechnical design for geotechnical

and assessment (CH5) applications (CH6)

. . Reliability-based derivation
EveBlRestnalie ) of partial factors (CH8)

Qmspac8 ?srfmpgB mul umpi

Reliability
requirements (CH4)
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2 Reliability background of the Eurocodes

This chapter provides the reliability backgrounds of the Eurocodes, focusinteoreats relevant

for design and assessmérf geotechnicalstructures with EN 1990 and EN 1997, drawing

largely from European Commission: Joint Research Centre, Vrouwenvelder, T., Dimova, S., Sousa, L.,
Markova, J. et al. (2024)

2.1 Reliability aspects in the Eurocodes

EN 1990 defines structural reliability as the ability of a structure to fulfil the specified requirements
during the service life for which it has been designed; the notion covers safety, serviceability and
durability. According to this defition reliability is the concern of all parts of the whole suite of
Eurocodes. In a more narrow sense of the word, reliability refers to the way uncertainties are dealt
with in design and assessment by the use of partial factors or more advanced proktabilis

methods. This document deals primarilytivthis more narrow definition.

Reliability analysis is part of the science and practice of engineering today, not only with respect to
the safety of structures, but also for questions of serviceability and atheguirements of technical
systems that might be impacted by uncertainties. Treatment of uncertainties may take place on
several levels, which are often referred to as (1) the fisised approach, (2) the reliabilityased
approach and (3) the senprobablistic or partial facto-based approachRigure 2, see ISO 2394)
Appropriate calibration procedures should guarantee that the various levels give consistent results.
In addition to this relative calibration of the various desigpproaches there is also a need to
compare the results to design and assessment methaded successfully in the past.

Geotechnical design with the Eurocodes employs the limit state design approach. The design (or
assessment) verifications address theaedance of (failure) limit states, while the design values
are chosen such that an appropriate level of reliability (i.e. probability of not exceeding the limit
state) is achieved. The present document focuses onpudibabilistic reliabilitybased verifcation

of limit states, and briefly touches upon how semiobabilistic and fullprobabilstic verifications

are related.

Figure 2. Relationship between acceptable risk, reliability targets and partial factors (i.e. the-semi
probabilistic approach)

Acceptable risk

_ considerations of consequences

and economics of design

Reliability targets
choice or calibration of partial

factors to meet reliability targets
Partial factors

(i.e. design values)

Qmspac8 ?srfmpgB mul umpi
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2.2 Uncertainties and probability

Reliability concepts are founded in probability theory. To properly apply the approaches and
methods described in this document, it is therefore essential how we define atedpret
uncertainties and probability, along with the notions of variability and frequency.

2.2.1 Sources and types of uncertainties

Design and assessment of structures involves uncertainties of different kinds. The most obvious
uncertainties are related to theatural variability or randomness of actions, material properties and
geometric data. On top of that, in geotechnical engineering we have to deal with the uncertainty in
ground properties resulting from spatial variability and limited site investigatiomarage. When
establishing the statistical properties of relevant variables, we often deal with unclear sets of
subpopulations and substantial shortage of data. This leads to the important class of statistical
uncertainties.

In addition, our theories anthodels about environmental and structural behavior are
approximations of reality and make predictions with some higher or lower degree of accuracy. The
related uncertainties are referred to as model uncertainties. Similarly, we have to deal with
uncertaintes involved in measurements and observations. Finally, in practice we also have to deal
with uncertainties resulting from human errors of several kind as well as unforeseen (or even
unforeseeable) events.

2.2.2 Probability interpretation

In reliability literaure uncertainties are divided into aleatory uncertainties resulting from (natural)
variability and epistemic uncertainties resulting from incomplete knowledge. The essential
difference is that epistemic uncertainties can be reduced by acquiring additidata while aleatory
cannot.

In the classical (frequentist) schoaif statisticians a clear distinction in the treatment is made. The
basic philosophy is that the quantification of epistemic uncertainties in principle requires subjective
estimates and shold be kept carefully separated from the objective part.

In the alternativeBayesianschobl oc ™ i jodji ja kmj]J\]dgdot dn
which enables equal treatment of objective and subjective uncertainties. In applications in stauctu
engineering the Bayesian approach has been adopted as the most appropriate one from the
beginning; in geotechnical engineering a frequentist interpretation of probabilities is problematic,
and a subjective interpretation makes much more seriBaeche& Christian, 2003).

A pronounced difference in application is visible in the statistical evaluation procedures for design
by testing. For example, in the frequentist formulas for the 5% characteristic values we first find

the best estimate for the 5% fratile (natural uncertainty) and an additional 90% confidence

interval (statistical uncertainty). In the Bayesian approach (see EN 1990 Annex D) the 5% fractile is
found including the statistical uncertainty and no confidence interval is given.

2.3 Principles of structural reliability

As already mentioned and illustrated Figure 2, risk, reliability and partial factors are related. The
following paragraphs allude to the very principles underlying each concept, and how they relate to
each other.
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2.3.1 Risk-based approach

The full riskbased approach entails an economic optimization within safety constraints (e.g. human
safety). In its most simplified form, the optimization is formulated as the minimization of the sum

of the direct costs of he design decision and the risk due to failure. That is, leaving out discounting
and other complicating factors like maintenance, we want to minimize total cost expectation

Cot:

i Ed o) 06
Equation 1.
with the constraint
U Uy
Equation 2.

where Gy are the expected total cost€.nis the cost of the (design) decisio6, are the costs of
the consequences of unsatisfeary performance (failure) and is the probability of unsatisfactory
behaviour during the design service life (or assessment period). The constPaiP(;) is based on
ethical and societal aspects of human safety where relevant. Thebisked apprach is generally
used for individual structures, ndor a portfolio of structures.

The approach implicitly assumes that the structural behaviour can be subdivided into a satisfactory
performance and an unsatisfactory performance or failure. Note that¢hé mh ° a\ dgp m’™ »
theory is not restricted to collapse but may refer to any form of unintended behaviour (e.g.
excessive deformations).

2.3.2 Reliability -based approach

In the reliabilitybased approach the optimization reduces torimiizing the costruction cost:
i Ed o)
Equation 3.
with the constraint
0 Of
Equation 4.

The target reliability?: now also includes (next to immaterial constraints likeman safety) also
the economic considerations that were left to an explicit optimization procedure in thebasked
approach.

2.3.3 Semi-probabilistic approach

For the semiprobabilistic approach, used in daily practice, the requiremenisguation 3 and
Equation 4 are transferred to:

i EG o)
Equation 5.

with the constraint
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Nim 1

Equation 6.

whereg() is the limit state functionX; represens the so-called design values of theandom
variables. In terms of reliability theory, the design values represent the valueswith the highest
probability density of failure (after a transformation to standard normal space). If X has a normal
distribution the valueXy can be found from

o 1T,

Equation 7.

wherex and nj are the mean and standar deviation ofXm™ n k ~ * xistthee (FORM) impontee
factor of the variableX 5; is the target reliability index amesponding to the target failure
probability R:. For other than normal distributions the value ¥f may be found fromF(Xy) =

u (2x5) with K() being the cumulative distribution function of the variab¥eAs the result must be
conservative for a larggroup of structures, the selectedk -values will usually be conservative
(uneconomic) in individual cases.

In the Eurocodeghe design values are derived by multiplying (or dividitltgg characteristic (or in
the2i _ B i "m\odji @pnkg$ |joXwith thameSplectve peialiand\ o d q °
combination factors.

® O X for resistance

Equation 8.

O & orlwd foractions

Equation 9.

These partial factors are ideally calibrated in such a way that the design or assessment decision for
a large class of structures fulfils the reliability target.

2.3.4 Observed failure frequency, notion of hidden safety

The question is often raised whether ootthe theoretical probability of failure corresponds or

should correspond to the frequency of structural failures in practice. In this discussion the notion of
hidden safety plays an important role, among other factors such as gross/human errors or

negligence during design, execution or operation. Gross/human errors are supposed to be covered by
quality control and operational requirements (e.g. execution standards); they are not to be covered

by engineering models and physical and model uncertaintiésteel to uncertain parameters.

Generally speaking, assumptions and choices in design and the related engineering modelling tend
to be conservative, or safsided. The list below contains several examples of hidden safety in
construction design:

0 Resistance mdelling: We may opt for elastic analysis instead of plastic analysis. Model choices
are often based on the wish to make simplifications (ease of use). The simplified models are
generally safesided and even robust.

0 Load modelling: The load patterns assudi®r modelling the spatial distribution of imposed and
climatic loads are often chosen with very safe assumptions, or the seismic action is described
through a uniform hazard spectrum, rather than a less conservative conditional spectrum.
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0 Design type ostructural system: In many design situations, a structure is designed according to
its critical section or member, while the rest is overdesigned. Also, quite often not the ULS is
governing the structural dimensions, but the SLS. In these cases, theysafiergin can be
considerable. For example, anchors of retaining walls are designed such that neighbouring
anchors could cope with the failure of an-lmetween anchor.

0 Structural behaviour modelling: The structural behaviour is simplified using conseevativ
assumptions. For example, a hinge is assumed where in fact an encasement at least partially
exists. Such system redundancies are often not explicitly exploited.

0 Material strength modelling: For example, the usual steel design is for yielding, whilenstrai
hardening and the margin to the ultimate strength typically neglected.

0 Practical issues rounding off structural dimensions to the safe side and producers aiming at better
quality then required to avoid a negative acceptance test.

The list above is not éhaustive but meant to provide examples of types of hidden safety. It should
be clear that the estimation of actual, observable failure rates in reality using engineering models is
difficult, given the unavoidable bias introduced by hidden safety elemesngn though some types
can be covered by taking model bias explicitly into account.

Asconsequence of hidden safety elements in design and assessment, the observed failure rates
(e.g. ULS exceedance) appear in general to be small compared to the estimatittnengineering
models (excluding gross/human errors).

2.3.5 System reliability

The analysis of reliability and risk should in principle be applied to the total structural system,
including its interactions with the environment. In practice however the ieatibn of the reliability

is often performed on the level of single members (beams, columns, connections), single modes
(shear, bending) or even on the level of a single cross section or individual point. The verification
rules in the Eurocodes are in mosases formulated at the member level and also the target
reliability is used for the individual failure mode at member level (s#stailed discussion in
European Commission: Joint Research Centre, Vrouwenvelder, T., DimovaaSL,.Shlaskova, J. et
al., 2024.

2.3.6 Time effects

Probabilities of failure are always defined for a reference period (e.g. annual or 50 years). The joint
influence of (largely) timevarying loads and (largely) tim@variant resistance properties leads to
time-dependency of thedilure probability in the period of time under consideration. In addition, a
structure may lose resistance due to degradation processes like creep or corrosion.

If we include time, the random variables as well as the limit state function itself may becdme-
dependent. Subdividing the total periddn subintervals (for instance periods of one year) we may
write:

Equation 10.

whereR is the probability of failure exactly in year which may be written in terms of limit state
functions as the secalledunconditional annualdilure probabilities
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Equation 11.

whereg; is the (minimum) value of the limit state function in gei. The logic is that failure in the
second year is applicable only if the structure has survived first year.

The time effects for typical structures are illustrated by the-éo\ gg~ = %] \'oc op] "~pmq’
Figure 3.

Figure 3. Bathtub curve (black line) showing the conditional failure probability as a function of time, with
zones of (1) increasing reliability (dominant time independent uncertainties like resistance andsight), (I1)
corstant reliability (dominating time dependent uncertainties, usually loads) and (Ill) decreasing reliability
(dominating deterioration). The blue line shows the unconditional failure probabilities.
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2.4 Target reliability

2.4.1 Safety and economy

For the reliabilitybased approach and the partial factor approathe target reliability is a

prescribed requirement. Usually, the target relidpilevel is proposed by the engineering

community and endorsed by the National Authoritiego finally are responsible. The common
starting point is that a structure should be safe as well as economic during the design or remaining
service time. In genet, the accepted reliability level with respect to UEsSlure depends on:

1. the consequences of failure (which may depend on the failure mode);
the costs related to additional reliability;

3
4. the anticipated service life;
5

the variability and uncertainty in réstance and load, including the likelihood of mistakes
(as far as rot covered by quality control).

In most codesonly the first factor is used for explicit reliability differentiation in terms of different
levels of target reliability levels. The consequees of failure, however, are not elaborated in detalil,
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but only a rough classification of stictural types (dwellings, highise buildings, grand stands, etc)
is given.

2.4.2 Reliability differentiation

Reliability differentiation depends on the consequencésadure (related to economy losses,
environmental effects and losses of human lives). For various reasons it does not seem appropriate
to distinguish in reliability requirements between various materials. All structures or structural
elements within a ceain class of use and failure consequences should have the sagfiahility.

A special application of the reliability differentiation concerns assessment of existing structures.
Strengthening an existing structure often requires more effort (i.e. castah building new

structures. Also, the (remaining) design service life might be (much) shorter than 50 years. Hence,
the reliability targets for existing structures are reasonably lower than for new ones.

2.4.3 Annual versus lifetime targets

Reliability targes$ always have to be specified for a reference period. Annual values are commonly
used when dealing with human safety. The lifetime option is convenient if only economic
optimization is considered in the derivation. In the Eurocodes, the lifetime optioornisected

directly to a design service life of 50 years. Rules for structures for a different design service life
(e.g. temporary structures, large civil engémimg works) are not specified.

When annual reliability targets are formulated, the maximum aahualue during the design or
remaining service life is decisive

If failure events in various years are independent and have small, similar probabilities, the relation
between an annualR;) and a D yeartarget is approximately:

0o50 50tR
Equation 12.
The formula still holds for moderate correlation, but if there is a large degree of correlation
between years (e.g. due to dominating permanent loads or otherinvariant variables) more

sophisticated analysis is requd to determine the timedevelopment of reliability. Notice that for
the other extreme of full correlation in time (i.e. all variables are timeariant),R(50)= P..

2.4.4 Minimum versus average reliability

In principle, the target reliability may be formulade€for a portfolio of structures (say all bridges). In
that case it may be questioned whether the target refers to the average reliability of the portfolio

or to the minimum reliability (average or maximum failure probability respectively). If aiming at an
economic optimum the average values make sense; in order to fulfil requirements related to human
safety the minimum reliability level seems to be the most appropriate.

2.4.5 Member versus system

In most practical applications target reliabilities are used fasiyning individual members
(including connections) for separate failure modes. However, consequences are usually related to
system failures and the system failure probability may be the result of contribution of a set of
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system failure modes. For a parhis has to be considered as the state of the art. However, in some
cases we encounter exceptions are possible as in the design of pile groups.

2.4.6 Brittle versus ductile failure

Brittle failures on the member level usually have more serious consequences &osttiuctural

system integrity than ductile failure. This might be a reason to use a higher consequence class and
higher reliability targets for brittle failure modes. An additional aspect is the degree of warning:
ductile failure modes may give some kind pre-warning and thus time to evacuate a site or for
emergency interventions.

2.5 Assessment of existing structures

There is an increasing demand for assessing the reliability of existing structures when these face

new demands or extension of the remainingrsiee life needs to be substaraied. In chapter 4 of

European Commission: Joint Research Centre, Vrouwenvelder, T., Dimova, S., Sousa, L., Markova, J. et
al. (2024) some guidance for the assessment of existing structures is provided, addressing target
reliabilities, updating information (e.g. performance observations) and verification methods.

Reliability methods are mentioned as the most accurate way of assessment, along witivaiséd

decision procedures.
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3 Reliability verification procedure

3.1 General

Relability verification in general is based on the comparison of the calculated reliability of the
system with a target value. The reliability is expressed either by the reliability irfoer
equivalently, by the probability of failure. Hence, the basicuiegment for reliability verification is
to fulfil the following inequality:

Ty

Equation 13.

or equinalently, P y P.r. Notice that the probability of failure and the related reliability index will
always pertainto a specific reference period and failure definition (e.g. companersus
(sub)system failure).

This chapter outlines the general reliability verification procediat can be broadly subdivided
into the following steps:

& Problem definition: limit stee function, groud model, target reliability & or Fy).

& Uncertainty characterization: geotechnical units and parameters; loads, groundwater and pore
pressures; model uncertainties.

& Reliability analysis: selection of appropriate reliability method, calculation of system reliability,
interpretation ofresults.

Figure 4 illustrates the sequence of these steps. The remainder of this chapter provides a brief
description of these main steps; detailed treatment of the components of the reliability assessment
follows in the remainingchapters as indicated.

Figure 4. Overview of the workflow for the reliability verification procedure (with indications of the chapter
containing indepth treatment)

1. Problem definition

(chapters 3 & 4) Lk state fiinolioh(s) Ground model & Reliability

(incl. underlying d iabl 2 t
calculationmodels) TQHIUONIENAHADIOS requirements

2. Uncertainty

characterization Geotechnical units Actions, groundwater Model
and parameters and pore pressures uncertainties

(chapters 5 and 7)

3. Reliability analysis ] T Interpretation of
(chapter 6) Selection of Estimation of Faanica

reliability method(s) probability of failure convergence

Qmspac8 ?srfmpgB mul ump i
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3.2 Problem definition

The problem definition step entails:

0

Limit state functions and calculation model

Definition of the limit state function is ideally as much as possible in accordance with the
formulation of the verification vith partial factors in EN 19971 and-3.

Evaluating the limit state function requires calculation models to evaluate the resistance or load
effects. The complext of the calculation models teevaluate the resistance or load effects
affects the performanceof the reliability analysis.

Ground model and random variables :

The ground model needs to be established, including the related uncertainties, just like with the
partial factor method.

The limit state function and the underlying calculation model contaircertain variables. Ideally

all uncertain variables are modeled probabilistically. However, this is practically often not feasible
nor necessary. The choice to model variables as random or deterministic can be based on
engineering judgement or sensitivignalysis.

Reliability requirements :

The reliability requirements entail the target value of the reliability index, with a given reference
period and pertaining typically to a consequence class (see Chapter 4).

3.3 Uncertainty characterization

The uncertaintycharacterization entails expressing all relevant and significant uncertainties in
probabilistic terms, e.g. by probability distributions, scenarios or point estimates, covering the
following categories:

0

Geotechnical units and ground properties :

The uncertaties in the presence and geometry of the geotechnical units in the ground model
need to be quantified or estimated, accounting for the various sources of uncertainty (i.e. spatial
variability, measurement and transfmation error statistical uncertainty.

Actions, groundwater and pore pressures :

The uncertainty and variability in actions, groundwater and pore pressures needs to be quantified
if relevant and significant for the reliability problem.

Model uncertainties :

Calculation models involved with thevaluation of the limit state on either the resistance or the
load effect side involve model erronshich need to be accounted for.

Chapter 5 is entirely devoted to uncertainty characterization.
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3.4 Reliability analysis

Having completed the steps in the prelh definition and the uncertainty characterization, all inputs
for the reliability analysis are ready. Chapter 6 provides detailed recommendations for selecting a
reliability method, formulating the reliability problem properly and interpreting the resaftthe
reliability analysis,ncluding illustrative examples.
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4 Reliability requirements

Reliability verification of geotechnicatructures compares the assessed reliability with the
m gd\]dgdot o\mb o' d) ) ARAZO ncjpg_ cjg_ #n ~
andthe use of reliability targets.

Notice that EN 19971 contains several elements of reliabilitpanagement, with reliability
interpreted in the wider sense of safety. The geotechnical category (GC) is determined through a
combination of the geotechnical complexity class (GCC) and the consequence class (CC). The
reliability targets in this chapter redr to the narrower definition of reliability (i.e. probability of
failure), and therefore have a direct relation with the consequence class. The GCC and GC serve
other purposes such as defining the required amount of ground investigation or quality
managenent in executio.

Box 1. Background: Target failure probability according to 1ISO 2394:2015

According to ISO 2394:2015 the target probabilities of failure should be selected taking into account the
consequence and theature of failure, the economic losses, the societal inconvenience, effects to the
environment sustainable use of natural resources, and the amount of expense and effort required to
reduce the probability of failure. If there is no risk of loss of humareBvassociated with structural failures,
the target failure probabilitiescan be selected solely on the basis of an economic optimization. If structural
failures are associated with risk of loss of human lives, the marginal lifesaving costs principle applie
is recommended. In all cases, the acceptable failure piulities should be calibratedgainst welt
established cases that are known from past experience to have adequate reliability.

4.1 Target values for reliability index (ULS)

4.1.1 Target valuesin EN 199 0-1

EN 19931 Annex C provides target values for the reliability index for a reference period of 50
years(Table 1). The corresponding note indicates that different target reliability values for
different reference periods can bget by the National Anexes (i.e. the table is NDP).

Table 1. Target reliability values for reliability indeX (ultimate limit state) for different consequence classes
according to EN 199d Table C.3.2 (NDP). Corresponding note: Table C.3.2 gives target Aditwabe 50
years reference period assumed within this standard. Different target reliability valuts different

reference periods can be set by the National Annex for use in a country.

Consequence class 1-year reference 50-year reference period
j _leci ™ ¢
é Prso
CC3 5.2 4.3 ~10°
Ccc2 4.7 3.8 ~10*
CC1 4.2 3.3 ~ 103

SourceEN 19901

Europea Commission: Joint Research Centre, Vrouwenvelder, T., Dimova, S., Sousa, L., Markova, J. et
al. (2024)clarifies that these target values were originally derived for buildings and bridges, while
the reliability calibration study in the same report suggeshat these targets may also be
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applicable to geotechnical structures (as shown for spread foundations and for piled foundations).
For the specification in National Annexes and related calibration studies it may be sensible to

differentiate between type®f (geotechnical) structures and/or different reference periods. A
reference period of 1 year seems more appropriate for the assessment of existing structures, or for
the design of temporary structures.

Deltares (2024)contains additional material suppartgy that tc °
Table 1 for a 50-year reference period is also applicable to geotechnical structures, and provides
information for deriving corresponding annual target values.

4.1.2 Consequence classes

The consequences of failure of a sitture or a structural member are classified into one of the five

AN i om\og

consequence classes specified in EN 1990 Table 4.1 (NDP), based on a qualification of the

consequences of failure (seBable 2). National Annexes can give differequalifications for use in

a country.

Table 2. Qualification of consequence classes according to EN 1990able 4.1 (NDP)

a3 3bn o

Consequence class

Indicative qualification of consequences

Loss of human life or
personal injury !

Economic, social or
environmental consequences !

CC4, Highest Extreme Huge

CC3, Higher High Very great
CC2, Normal Medium Considerable
CC1, Lower Low Small

CCO- Lowest Very Low Insignificant

(Y) The consequence class is chosen based on the more seveteest two columns

SourceEN 19901

The classification into a consequence class may also be influenced by the type of failure,reagl

ductile versus brittle.

Notice that consequence classes CC4 and CCO are not covered by the target reliability vaiis i
1990-1. CCO would likely not be amenable for reliabiligsed methods; CC4 is rather uncommon

and would require a risknformed approach.

4.1.3 Risk-informed approach

When appropriate reliability targets are not readily available, the-figiormed approab may be
applied. Examples would be structures with very high consequences of failure (i.e. CC4) or structures
which cannot be assigned to the consequence classes for other reasons, for example when working

outside of the Eurocode framework.

According tdEN 19901, reliability requirements can be formulated in terms of minimum reliability

requirements and/or service life cost optimal target reliability requirements:
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o0 the minimum reliability requirements depend on the societal capacity and preferences/éstin
into life safety (minimum reliability requirements are normally compulsory);

0 target reliability requirements depend on the expected failure consequences and on all costs
associated with the design, construction costs, operation, inspection, maimterand renewal of
structures over the time péod for which they are needed.

The most common risk acceptance criteria for civil structures in order to address these
requirements are:

d individual risk (to life);

0 economically optimal risk (i.e. cebenefit considerations);

0 group risk (considering incidents with larger numbers of fatalities);
& Life Quality Index (LQI).

More information on establishing reliability targets using risk acceptance criteria can be found in
ISO 2394:2015, in which Annex G also sfiieaily elaborates on the LQI and the underlying
marginal lifesaving cost principle (MLSC).

4.1.4 Other sources

When working outside the Eurocode framework, other sources may be applicable or useful to define
or choose the reliability target for the design or ssssment of (geotechnical) structures, such as

other codes of practice or literature recommendations. For some (geotechnical) structures, specific
reliability targets have been formulated in thegertinent codes of practice, s€kable 3 for

examples.

Table 3. Examples of codes and standards specifying or recommending reliability targets

Code or standard Reference Remarks

ENW, lood defences, ENW (2017) | Annual target failure probabilities of floodefense segments
Netherlands (systems) ranging from 16to 10°# A 8 - ) . 0]
USBRdams USA FERC (2015) | Annual targets based on FRurves including individual risk

and group risks, with target failure probabilities ranging from
10%t010°#A 8 .)2 oj [/)3%)

ISO 2394 General ISO (2015) Annual target reliabiligs for structures of 4.2 to 4.7
depending on consequence class

Probabilistic Model Code | JCSS (2001) | Annual target reliabilities for structures of 4.2 to 4.7
General depending on consequence clager small relative cost of
safety measures)

USACEGedechnical, USA| USACE (1999) Annud geotechnical target reliabilities.

ASCEstructures, USA ASCE (2010) | Lifetime target reliabilities for structures of 2.5 to 4.5
depending on consequence class

OCDJ| maritime, Japan OCDI (2009) | Lifetime target reliabiities for marine structures of 2.19 to
3.65 depending on consequence class

30



Code or standard Reference Remarks

CURLGE6, sheet piles, NL | CUR 166 Lifetime target reliabilties sheet piles of 2.5 4.2.
(2012)

CUR 211, quay walls, NL | CUR 211 Lifetime target reliabilties quay walls of 3-4.3.
(2013)

Qmspac8 ?srfmpqgB mul umpi

4.2 Member versus system reliability

The verification rules in the Eurocodes mostly formulated at the level of individual failure modes of
structural members (or components). Likewithee target reliability is typically use for the

individual failuremode at member levelEuropean Commission: Joint Research Centre,
Vrouwenvelder, T., Dimova, S., $ous, Markov4, J. et al., 20R4he relation between the

structural member or local failure and failure of the total structal sysem is typically not

considered.

Following the same reasoning, also the reliability of geotechnical structures can be verified for
individual limit states (or failure modes) at member level, for example:

0 exceedance of bearing capacity of a spreadifmation;
0 embankment slope instability;

0 loss of equilibrium of a retaining structure;

0 exceedance of the yield stss in a sheet pile wall; etc.

In situations with significant interaction between structural components (and the ground), it can
make more sene to consider failure modes of structural (st)isystems or a combination of failure
modes for the same structural member in the reliability verification. Examples are:

0 exceedance of bearing capacity of a pile group (loaetistribution);
0 failure of a shed pile wall by buckling or yielding (series system);

0 deep excavations analysed using numerical methods (several failure modes are modelted an
checked simultaneously); etc.

Considering system effects generally comes with increased complexity of the ritjadnalysis; at

the same time, the reliability assessment becomes more accurate by accounting for the favourable
and/or unfavourable effects of systems behaviour. Considerations of structuralfsustems are

also mentioned in 1ISO 2394:2015.

4.3 Reliability targets for the resistance or load only

In most geotechnical design problems, the uncertainty in the resistance dominates the reliability
estimates, while the influence of (variable) loads is relatively low (e.g. foundation pile verification). It
can thenbe practical and sensible to consider only the resistance side of the problem
probabilistically, while working with design values for the loads.

Similarly, there may be situations in which the uncertainty in the (effects of) actions dominates the
reliabiity estimates and where we would consider only the load (effect) side of the problem
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probabilistically for practical reasons, while working with design values for the resist¢e.g.
retaining structures).

The approach is based on the premise that (FOR&4)gn point valuessee 6.2.4)are the optimal
design values for semprobabilistic design. The acceptable probability of (not) exceeding the design
resistanceR; or design value of loadS; is given by:

6 Y 'YQ = B | YtT "y

Equation 14.

0 ™% =8 | ~i
Equation 15.

In which2ris the influence coefficient (FORM) of the resistance (i.e. the effect of all components of
uncertdnty on the resistance sidegs is the influence coefficient (FORM) of the thé.e. the effect

of all components of uncertainty on the load side); and) is the standard normal cuniative

density function (CDF).

The values ofk and Us are ideally based on experience from reliability assessments (representative
FORM calculatianof comparable structures) or alternatively on literature recommendations. ISO
2394:2015 recommends the values ifable 4.

Table 4. Reconmended influence coefficient] from ISO 2394:2015 (Table EB)

X A
Dominating resistance parameter 0.8
Other resistance parameters 0.43 0.8=0.32
Dominating load parameter -0.7
Other load parameters -0.43 0.7=0.28
USBRdams USA FERC (2015)
% Thek mdi "dkg | avaluesowas alrdady prdsent in 1S2394:1998, where the samé-values as in Table

E.3 were proposed.

SourceiSO 2394:2015

Box 2. Example 4.1: Pile resistance

Suppose we are interested in assessing the reliability of a pile foundation, and we areg@blearacterize
the uncertainties in the pile resistance (i.e. related to the soil conditions and the resistance model), while we
do not have proper information to formulate a probabilistic load model based on the information available
from the structuralengineers. In this case, we can still assess the probability of the actual resistBnce
being lower than the design valug, (or &;, if the unity check is less than 1) by consideriBguation 14.

For a CC2 structuréi=3.8), considering the pile resistance to be the dominant resistance parameter
(¢+=0.8), we obtain an acceptable probability of not exceeding the design value ¥f 'Y

B | ff B mqto® K ot pRip .

The main advantage of this approach is that is does not require probabilistic load modelling, for
which data are often harder to attain for the geotechnical engineer. The disadvantage is that the
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simplification comes athe cost of accuracy, which mostly depends on the suitability of the chosen
influence coefficientUk for the design or assessment problem at hand. The recommended values in
ISO 2394:2015 are considered conservative for most cases, but in some geotechnical problems
higher values may need to be applied. In case of do@ht; 1 or2s = 1, respectively,an be applie

as conservative upper bound.

Likewise, the procedure can be applied by only considering the uncertainties in the (effects of)
actions in comparison to the material resistance. An example would be the stresses in steel sheet
pilesthat are mastly influenced by the uncertainties in the satructure interaction, in which case
the probability of exceedance of the (design) yield stress of the steel can be assessed.

4.4 Annual versus lifetime reference period

The target values for the reliability inds A d i -1 a@ basedios & reference period of 50

years (see 4.1.1), whereas the annual values are derived (assuming independence between years). It
can be advantageous or necessary to work with different reference periods, for example 1 year.

This s typically the case with the assessment of existing structures.

Box 3. Reference period

The reference period is the period of time that is used as a basis for statistically assessing
degradation/deterioration of mateais and extreme realizations of variable actions and possibly for
accidental actions.

For a failure probability, a reference period of 50 years means that the probability refers to at least one
failure of the structure (and the member and limit state undeonsideration) in 50 years. An annual
reference period means that the probability refers to at least one failure in 1 year.

The reference period must not be confused with the design service life of a structure, which is often also
50 years. A structure ith a design service life of 50 years can be assessed using probabilities with an
annual reference period. In the latter case each year within the considered design lifetime needs to comply
with the annual reliability targets (se8.3.6).

The correspondeare of annual reliability targets with the 5§ear targets in EN 199401 depends on
the correlation of failure events between years, which in turn depends on in the influence of time
invariant versus timevariable random variables on the design or assessmprgblem. Most
groundrelated uncertainty, permanent loads and model uncertainty can be considered (pre
dominantly) timeinvariant, while variable loads are naturally timriant.

The analyses iDeltares (2024)with a generalized limit state function sugpst that the annual
reliability indices correspondingtoa50 > \ m o \+m®.8 far CG2aangk between 3.9 and 4.5,
depending on the contribution of the variable loaah); seeFigure 5.
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Figure 5. Reliability index as a function of the considered reference period
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SourceDeltares (2024)

For practical use, it seems sensible to keep the reliability differentiation of plus/minu$ @ob CC1
and CC3, overall resulting in the following recommedd®lues for a reference period of 1 year in
Table 5.

Table 5. Recormendedreliability target values for geotechnical structures, differentiating between situation
with low, moderate or high influence of éhload (i.e. timedependent variables)

Consequenceclass |¢ " [ hho[ f # P B -
load influence
low moderate high
Ccc3 4.4 4.7 5.0 4.3
Cc2 3.9 4.2 4.5 3.8
Ccc1 3.4 3.7 4.0 3.3
Qmspac8 ?srfmpgB mul umpi

4.5 Serviceability limit states (SLS)

For serviceability limit states (SLS) there are no formal minimunfatality requirements, since risk

to life is not applicable for SLS by definition. Reliability targets for SLS verifications should be
chosen by the client, designer and/or contractor (depending who is responsible for SLS exceedance)
according to the rislprofile of exceeding the serviceability limit state, because the consequence of
SLS exceedance is typically the cost of repair, indirect costs due to loss of functionality or a
contractualfine (seeExample 4.2).

SLS limit values are mostly based on ex@erte or provided (contractually or based on
recommendations). An example would be allowable displacements of a retaining structure of a deep
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excavation adjacent to existing buildings. The SLS limit values will then be established as a function
of the damage-proneness of the adjacdrbuildings to displacements.

Recommended reliability target values in the literature are typically in the range of 1 to 5 %
probability of failure (i.e. exceedance of SLS), regardless of the reference period, which roughly
corresponds to reliability index values in the range of 1.5 to 2.3 (as also mentioned in the JCSS
Probabilistic Model Code). The previous version of EN 1990 (EN 1990 1st Generation Eurocodes)
recommended = 1.5 for a reference period of 50 year§); ISO 1382:2010 also recommendgy

= 1.5 for the assessment of existing structures with a reference period of the remaining service life.

Box 4. Example 4.2: Riskased reliability target for road settlement (SLS)

=

Suppose a camactor makes and SLS design for a road embankment with an expected project benefit
300,000 Euros. The residual settlement may not exceed 10 cm, subject to a contractual fine in case of
non-compliance of 3 million Euros. A sensible SLS reliability woldsh be an acceptable probability of

exceeding the residual settlement limit of 10 %, for which the expected loss equals the expected benefit.

Of course, this example is highly simplified, since the expected benefit may be influenced by the design
measures to the taken in order to comply with the SLS target. A ebshefit analysis of construction costs
versus risk cost could accommodate such more detailed information.

4.6 Assessment of existing structures

According to EN 199@, the target reliability for anexisting structure should take account of the
essentially the same relevant factors as for new structures. The target reliability for existing
structures can be lower than that for new structures as the relative cadtsafety measures to
increasethe relability of an existing structure is greatehain of a new structure.

General recommendations for reliability targets for existing geotechnical structures arerikthe
scope of this guideline’However, in the absence of specific reliability targete target values for
new structures as specified in EN 199D(seeTable 1) can be assumed to represent a safe upper
bound.

4.7 Temporary structures

Temporary structures may have different risk profiles compared to permanent strastuand

hence may require specific reliability targets. For example, the design lifetime of building pits is
several months or years. Furthermore, the use of temporary structures is different to permanent
ones, implying potentially different consequencescase of failure. For example, at a construction
site many people can be present simultaneously during a short period of time, potentially requiring
a higher consequence class (CC).

4EN 1990:2022 Table C2@n j no\ o’ n \ ir=2.9 whichig qugstiopgble befaase irelates to the Fear
values of Ar= 1.5 assuming independence of failure events between years, which is hardly justifiable for
geotechnical structures generally speaking

5 Discussions on how to derive reliability targets for existing structures can be found in thatlitex, for example in
Steenbergen et al. (2018) or Roubos et al. (2019).
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When using generally recommended target values for the reliability indes recommended to use
values for a reference period of 1 year (sded), to be close tdhe intended design lifetime.

This topic has not been examined yet in the literature, and tailored recommendations for reliability
targets are beynd the scope othis guideline ).

6 The assessment of temporary structures in the related field of scaffolding is discussed in Vereecken et al. (2020).
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5 Uncertainties in geotechnical design and assessment

This chapter elaborates on the characterization of uncertainties involved with the verification of

limit states in geotechnical design and assessment. Some contents are closelgddiathe

guidelines orthe ground model European Commission: Joint Research Centre, Garin, H., Baldwin, M.,
Reiffstek, P. van der Made-& et al., to be publishg@nd representative value€firopean

Commission: Joint Research Centre, Orr, T., Sotja&saire, J., Prastings, A. et ab,be published)

5.1 Principles and definitions

5.1.1 Sources of uncertainty

Uncertainties in geotechnical or civil engineering problems may be categorized according to the
source of uncertainty as follows:

0 Inherent variabilit y (natural or intrinsic variability) is the natural randomness of a quantity,
such as the natural variability of the soil strength within a certain soil unit or the tiwaiability
of groundwater levels.

0 Measurement error is uncertainty caused by imperfeaneasurement tools and/or sample
disturbance effects.

0 Model uncertainty is uncertainty due to imperfection and simplifications inherent to model
formulations. In geotechnical problems we distinguish two types:

9 uncertainty incalculation models of the physcal behavior of (geotechnical) structures
reflecting the error in model predictions with respect to the real behaviour;

1 uncertainty in transformation modelgransformation uncertainty ) used to obtain a
certain geotechnical parameter from measurementgy(eundrained shear strength from
>KO ocmjpbc \i |l fo al\”™~oj m$' \'gnj "Ngg . Ya
statistical correlation).

0 Statistical uncertainty is uncertainty due to limited information, such as a limited number of
observations in asite investigation. Furthermore, there is statistical model uncertainty related to
the selection of probability distributions.

All the above uncertainties are to be accounted for on both the load side (i.e. actions and effects of
actions) and the resistarecside (e.g. ground properties).

Uncertainties are represented in reliability analysis by modelling the relevant variables as random
variables. Any probability distributions used in a reliability analysis should, as far as possible, be
documented based oatatistical analysis of available background data, or be motivated on other
grounds such as literature references or expert judgment.

5.1.2 Uncertainties in geotechnical models

For site characterization, EN 199F distinguishes the Ground Model (GM) and the @elohical

Design Model (GDM) used for limit state verification. The relation of various uncertainties involved
and discussed in this document are illustratedrigure 6, indicating their relation to the GM and
GDM.
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Figure 6. How the uncertainties in each chapter relate to GM and GDM.

Uncertainties in geotechnical unit identification
= |dentification of possible scenarios

= Stratification and groundwater

» Geological and man-made anomalies

Uncertainties in the geotechnical unit boundaries
= Geometric uncertainties
= Discontinuities such as rock joints

Uncertainties within geotechnical units

= Uncertainties in derived ground properties
= Spatial autocorrelation structure

= Cross-correlation between ground properties

Uncertainties in |
monitoring (OM) Ground model (GM)

Total uncertainty in the Uncertainties in

ground property the (effects of)

= Spatial averaging actions and
over influence zone structural model

Uncertainties
in calculation
models

Geotechnical Design Model (GDM)
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Uncertainties in the Ground model involve three hierarchies of uncertainties: (1) Uncertainties in the
identification of geotechnical unitand possible stratification scenarios (e.g. presence or absence of
soil layers or anomalies), (2) uncertainties in the boundaries of ground layers (i.e. geometric
uncertainties), and (3) Uncertainties in the ground properties within these geotechnical Tihi

need to address the uncertainties in geotechnical unit identification varies depending on the
geotechnical structure, limit state, and local geology.

Geotechnical units, such as ground layers (i.e. stratification), are identified by means of ground
investigation. Within each geotechnical unit, the ground should be sufficiently homogeneous to be
modelled as (statistically) homogeneous (Baecher 2021). That is, the geotechnical unit should be
homogeneous enough so that the ground property within thait wan be represented by a single
random variable or a stationary random field.

If discontinuities within the geotechnical unit needs to be modelled explicitly, such as for stability
problems in rock engineering, geometric uncertainties of the discoitigsucan also be modelled as
random variables. The division into geotechnical units affects the assessment of uncertainties in the
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estimates ground properties. For example, inherent variability within a geotechnical unit may
become smaller if the subsoit divided into multiple homogeneous ground layers.

The estimation of ground properties that represent a geotechnical unit is affected by various
sources of uncertainty, some of which are due to systematic errors gsgeBaecher 2019), as
shown inFigure 7. The extent to which the various uncertainties need to be assessed depends on
(1) the relevant geotechnical parameters and zone of influence for the considered limit state, (2)
the sensitivity of the system reliability to thencertainty in question, and (3) the target reliability.

Figure 7. Categories of uncertainty in estimated ground property.

Uncertainty in
ground property
(or derived value)

Systematic
errors (biases)

Transformation Statistical bias
uncertainty in dispersion
(random) estimates

Measurement Transformation
biases model biases
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The inherent (natural) variability in ground properties is caused by geological and/or historical
processes. Inherent variability in ground properties is usually visible in ground investigation
measurements in a form of datacatter even within a seemingly homogeneous ground layer (i.e.
geotechnical unit). The inherent variability can be divided into two categories:

& spatial variability (variability with respect to location), and
& temporal variability (variability with respecb time).

Temporal variability in ground properties is related to changes caused by ongoing geological

processes or seasonal effects. Compared to temporal variability, spatial variability is usually

dominant for ground properties and, hence, inthisggiddi =~ ©°di ¢ " m i o g\ md\ ] dgdo
variability unless stated otherwise. On the other hand, groundwater level and actions are often

marked by temporal variability.

Inherent variability in ground properties is usually characterizedgpatial aut ocorrelation ,

meaning that the same ground property values, measured at close proximity, show significant
correlation.

Statistical uncertainty is introduced when limited data are used to estimate properties of
probability distributions (e.g. mean, standadeviation or coefficient of variation). Statistical
uncertainty can be reduced by collecting more data.
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Measurement error arises from imperfect equipment (e.g., lack of calibration), procedural

operator effects (human error) and random measurement noibke measurement errors may

AN\pn® ]joc ntno h\od” J]d\n n \i_ m\i_jskuor mmj mn)
laboratory measurements is a result of two sources of uncertainty: inherent variability and

measurement error.

Transformation uncertainty is related to situations where hsitu measurements or laboratory
results are transformed intalerived values of a ground properby means of transformation

models such as empirical correlations. These transformation models may be biased ayiptied to
specific sites (resulting in systematic errors). Since empirical correlations are always marked by
some degree of data scatter in the relationship between measurements and derived values, some
transformation uncertainty always prevails even afteareful calibration with relevant data. On the
other hand, if the ground property is determined via direct measurement (e.g. undrained shear
strength determined from direct simple shear test instead of from a CPTu), there is no
transformation uncertaintyinvolved.

Thetotal uncertainty in a ground property  (within one geotechnical unit) is a combination of
inherent variability, measurement error, statistical uncertainty and transformation uncertainty (if
applicable). Moreover, when ground properties usegleotechnical design are averaged over some
dimension (such as sliding surface), variance reduction due to spatial averaging needs to be
accounted for.

Correlation may be present between variables involved with the geotechnical site characterization.
Correlation (or dependence) refers to any kind of statistical dependence observed between two
variables. This also occurs with geotechnical data, and as a result, the random variables in the
geotechnical calculation model may be cressrrelated.

5.1.3 Probability interpretation

Most uncertainties in geotechnical design and assessment are related to lack of knowledge rather

oc\i dic mio g\md\]dgdot) C i ~"" oc t m km n’io
collecting more data. For example, the episiie uncertainty related to the mean value of soil

strength in different geotechnical units can be reduced by performing more ground investigations.

On the contrary, aleatory uncertainties are related to inherent variability that cannot be eliminated;

for example, the variations in actions and groundwater pressures during the lifetime of a structure

represent such aleatory uncertainties.

Geotechnical assessment usually deals with estimating the probability of a single event (e.qg. failure
of an embankment)and hence adopting éBayesian) subjective interpretation of probability

is sensible in geotechnical engineering (as has been adopted for the reliability concepts of the
Eurocdles, see 2.2.1 an&uropean Commission: Joint Research Centre, Vrouwenveldeimova,

S., Soug, L., Markova, J. et al., 20R&requentist and Bayesian interpretations of probability are
compared inTable 6.
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Table 6. Comparison between Frequentist and Bayesian interpretationgabgbility

Approach | How probability is Example - Heads or | Objective of Approach to
defined tails? statistical inference statistical
uncertainty
3 Relative frequency of| Frequentist cannot Direct probability: Separate analysis
"GEJ an outcome in a long| estimatethe Given tte state of with confidence
= run of identical probability of a single | nature (the intervals
L“T’ "trials”. event (e.g. whether the hypothesis), what data
next toss of a coin will | would be expected?
be heads or tails).
5 Degree of kelief. Based on prior Inverse probability: Statistical
'g Subjective probability knowledge, Bayesian | Given tle observed uncertainty
= (about the state of | can estimate that the | data, how probable arg included in the
@ nature). probability of heads is | the states of nature parameters and
P=0.50. (e.g. values of shear | description with
strength)? credible intervals
Qmspac8 ?srfmpgB mul wumpi

Judgemerntbased assessment of probabilities can be expressed using verbal classification
schemes, see example ifable 7. Use of subjective probabilities in geotechnical engineering is
further discussed in e.g. Ang and Tang (2006), Baecher (2019), and Vick (2002).

Table 7. Probability estimates based on verbal classificatidraged on Table 67 in Vick 2003.

Probability | Verbal description

0.001 Virtually impossibledue to known physical condition or process that can be described a
specified with almost complete confidence

0.01 Very unlikelyalthough the possibility cannotebruled out on the basis of physical or other
reasons

0.10 Unlikely but it could happen.

0.50 As likely as notwith no reason to believe that one possibility is more or less likely than t
other.

0.99 Very likely but not completely certain.

0.999 Virtually certain due to known physical conditions or process that can be described and
specified with almost complete confidence.

SourceVick 2002

The determination of uncertainties in geotechnical design and assessment often relies on
engineering judement and utilization of prior knowledge (e.g. literature) and/or comparable
experience. That is, the amount of geotechnical data usually poses limitations to the extent to
which sitespecific uncertainty quantification can be performed on a rigoroudistacal basis.
Bayesian probability theory enables to combine data and knowledge from different sources
through Bayesian updating, for example engineering judgerreaged prior estimates and limited
site-specific data, as also acknowledged in EN 198miex C.3).
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5.2 Geotechnical units in Ground Model

Defining the Groundanodel is explained iflcuropean Commission: Joint Research Centre, Garin, H.,
Baldwin, M., Reiffsteck, P. van der Mad&. I€t al. (to be publishedYhis document presents some
approachesand examples on how to quantify uncertainties related to the geotechnical units in the
Ground model.

5.2.1 Stratification (ground layers)

The characterization of the ground model (i.e. identification of geotechnical units) is essentially a
mapping problem inveing the following assessments (Baker and Calle 2006):

1. the main pattern of (statistically) homogeneous ground layers,
6. locally present smaller ground units or other local phenomena such as discontinuities,
7. classification of each geotechnical unit.

If uncertainties in this assessment, such as the boundaries of ground layers or other discontinuities,
have significant effect on the performance of geotechnical structure, these uncertainties should be
considered explicitly in the reliability analysis. The aacy by which a geotechnical unit can be
defined, depends on the prior geological model, and the extent and quality of the ground
investigation. Defining geotechnical usually involves considerable engineering judgement. For
practical application, the unceinty in stratification may be considered in three alternative ways:

(1) Explicit probabilistic modeling

There are different options for explicit probabilistic modelling of the uncertainty in ground layer
geometry such as Kriging (Example 5.1), (conddlprandom field simulation, or by treating certain
geometrical properties as random variables (e.g. the vertical coordinates of layer boundaries).
Often the geometric uncertainties are not that influential to the reliability and can be modeled as
best egimates deterministically.

Box 5. Exampleb.1: Kriging of layer boundaries

Kriging is a probabilistic interpolation method for predicting unknown values from observations at known
locations, such as locations of sodlyer boundaries between ground investigation profiles. In this example,
we make a best linear unbiased estimation (BLUE) of bedrock elevation based on 8 boreholes as
summarised in the following table, where z is the bedrock elevation.

borehole | x[m] y [m] z [m] borehole X [m] y [m] z [m]
B1 18.70 3.78 -4.31 B5 29.91 22.29 -5.24
B2 23.08 4.19 -4.29 B6 25.42 24.53 -5.34
B3 20.99 7.31 -4.65 B7 10.50 36.90 -3.11
B4 23.20 9.93 -4.93 B8 0.89 30.78 -3.83

We can estimatdhe semivariogram representing the autaorrelation structure from the data of the 8
boreholes with to the following covariance model (wiith being the Dirac delta function for adding
measurementuncertainty Figure 8):

6t , Agbt v ] T - 0 W W

The fitted parameters of this covariance model are:
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o . PP : (stationary) variance in the bedrock elevation
o . TP : variance of the measurement error
0 18,)3 : shape parameter (controlling the smoothness)
O P8, 0 h : horizontal autecorrelation length (i.e. scale dfuctuation)
Figure 8. Calibrated semivariogram/ we 0 we against the data oftable above
- 2.5 1 -
E o o data-1|z-z)
~ 207 ® bin-averaged data
E . - . .
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A
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Figure 9 presents the kriging predictioria plain view and in crossection A< %2) Oc ™~ f mdbd|
hYo~¢c™ n oc™ ~ji_dodjidib _Vo\ Vo oc™ ]jm cjg’
f mdb > _ h  -8.88 mBahlifereaBing distance from the borehole locations. Trass sectional

prediction shows the 90% confidence range based on the ordinary kriging variance, indicating the depth

range in which the bedrock can be expected. Three realisations of conditional random fields (RF

simulations) are included as examples airaplingbased simulation of the bedrock elevation. Alternatively,

the locationdependent combination of kriging mean and variance can be used for stochastic
characterisation of the bedrock elevation.

Figure 9. Predicted bedrdcelevation using ordinary kriging with the abogpecified data and covariance
model in plain view (left) and on crossection A< %2 #mdbc o $)

Cross-section A-A’

bedrock elevation mean prediction

60

20

Northing [m]

4 —— mean prediction
-—— kriged mean
90% confidence range

|
n
o
bedrock elevation [m]
A

bed rock elevation [m)

5.5 1 ® projected borehole data
-20 —— RF simulations
: -7 T T T T T T T
-20 0 20 40 —60 =40 =20 0 20 40 60 80 100
Easting [m) Northing [m]
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The complete formulation of (ordinary) kriging can be found in the literature oostgtistics (e.g.
Wackernagel (2003)).
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Whenever the geotechnical unit must be considered as a discontinuous media, geometric properties,
such as orientation and spacing of discontinuities in rock masses, should be considered explicitly as
random variableswith probabilistic properties derived from the statistical analysis of geometric

data.

(2) Stratification scenarios

An alternative option for dealing with uncertainty in the ground model is to define discrete
stratification scenarios. That is, to generadéferent versions of the ground model that are each
plausible with the site investigation and prior knowledge of the site available. Subjective estimates
of these probabilities can be based on verbal classification schemes Tsdxe 7). See Example 5.2
for an illustrative example of defining stratification scenarios.

Box 6. Example 5.2: Stratification scenarios

Suppose we are assessing the stability of a dike (flood embankment) for interreadien piping. The dike
(embankment) rests on a soft soil layer, and at several meters depth there iaguifer (sand) Figure
10).

Figure 10. lllustration of stratification scenariofor a dike on a soft soil deposit with potential sand lenses

SCENARIO 1 SCENARIO 2 (same, but without old river bed)

dike dike
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In deltaic areas, old riverbeds of historically meandering rivers may cut through the blanket layer and form
weak spots or dike sections in the considered reachhis example engineering geologists estimate the
probability of encountering at least one old riverbed in the considered reach to be 5% based on their
geological knowledge of the area and the general spatial frequency of these features occurring in this
geological environment (e.g. based on identification by hdoodings or highresoluion digital elevation
models).

If no other scenarios besides the base scenario (without old riverbed) and the river bed scenario are
considered, the base scenario has a pability of 95% of being true in the considered reach, since the
scenarios need to be mutually exclusive (i.e. if one is true, the other is not) and exhaustive (the probabilities
of all scenarios sum up to 1).

(3) Conservative characterization

Another altenative is to use a conservative characterization of the stratification (i.e. deterministic
approach) based on engineering judgement. This approach is comparable to using conservative
point estimates for variables (see 6.3.5). In order not to bias theal®lity analysis, the degree of
conservatism of the chosen ground model should be comparable to choosing a representative or
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characteristic value for a ground property. Consequently, using the definitions Trabte 7, the
charact mdu\ odj i ncjpg_ di~“gp_" a \Vopm n jm gqg\lgp"

5.2.2 Geological and man-made anomalies

Geotechnical units may contain anomalies such as faults, lenses or fills. Such geological anomalies,
if not revealed by ground investigatns, may have a significant effect on the geotechnical

structures. Based on the knowledge of the regional geology and the structure to be designed, the
designer evaluates whether the possibility of certain anomalies may be disregarded or need to be
accouned for. The properties and the dimensions of the structure to be designed governs what
kinds of geological and mamade anomalies are significant in terms of functional performance.

The modelling options in reliability analysis for such local phenomemeaegsentially the same as
discussed for stratification in 5.2.1. The detection of this type of anomaly feature using a finite
number of soil samples is addressed in the field of search theory (Baecher and Christian, 2003;
Benkoski et al., 1991). Example§approaches to boulder detection can be found from Ang and
Tank (2006), Tang (1987), Tang and Halaim (1988), Tang and Quek (1986), and Tang and
Saadeghvaziri (1983).

5.2.3 Groundwater

In EN 19901 (6.1.3.2) and 19971 (6.4 andFigure 30), the uncertaintyin groundwater actions is
treated in terms of probability of exceedance and the corresponding return period, as summarized
in Table 8.

Table 8. Probabilitybased groundater actions according to EN 1990

Value of variable Symbol Probability of exceedance Return period

water action (years)

Characteristic Quk 2% per annum 50

Combination Qu.comb 10% per annum (2022 draft) 10

Frequent Qufreq Fraction of time exceeded =%

Quasipermanent Qu.gper Fraction of time exceeded = 509

Accidental Qu,rep 0.1% per annum 100
Source? sr f mpgB mul ump i

The values with a prescribed probability of exceedance can be obtained by fitting extreme value
distributions to time series of grundwater level measurements (see Example 5.3), if available. In
the absence of data, judgemerdr experiencebased estimates will be necessary (similar to
nominal value estimation of ground properties).

Box 7. Exampleb.3: Fitting extreme value distribution to groundwater level timeseries

In this example, we determine the probabilibased groundwater levels by fitting an extreme value
distribution to the time seriebelow figure 11), with a recordf roughly 14 years.
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Figure 11. Time series of measured groundwater levels.
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After extracting the annual maxima from the record, we fit extreme value distributions to theseeslin
this case, the Weibull distribution (for maxima) gave a better fit than the Generalized Extreme Value ((

or Gumbel distribution. The Weibull distribution ane tielated valuesare shown inFigure 12.
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Figure 12. Time series and the fitted values (left) and the Weibull distribution (right)
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Note that the quasipermanent and frequent value (both blue) do not require the extreme value
distribution, butare based on the 50% (median) and 99%uantiles of the time series (if readings are

evenly spaced). Furthermore, the analysis could be improved by defining the annual maxima not on
calendar years but between summers for example, since some maxima belotigetsame event.
Comparing the extreme value distributions can be done by comparing with the empirical CDF visually
goodnessof-fit tests or other judgementbased criteria. In general, using Gumbel or Weibull distribution

will be sufficient, withGumbel being the more conservative choice (fatter right tail).

5.3 Ground properties

5.3.1 Introduction to treating uncertainty in ground properties

The minimum requirements for defining a random variable are estimates of the méanand

using

standard deviationrj) or variance i) in the case of tweparameter distributions such as Gaussian
(normal) distribution or lognormal distribution. The dispersion (standard deviation or variance) can
also be defined by means of coefficient of viation (x), which is defined as the standard deviation
divided by the mean\x = ni/ 2x); as such it represents the relative dispersion or uncertainty.
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Ground properties are inherently spatially variable. There are fundamentally two approaches to deal
with spatial variability in uncertainty modelling: (a) explicit modelling of spatial variability using
random fields and (b) implicit consideration of spatial variability by using single random variables
per ground property and geotechnical unit, while agaiing for the effects of spatial variability in

the estimation of the probability distribution (parameters).

This guideline focuses on the latter, the single random variable approach, usteglsr mobilized

values (Phoon et al., 2024), such that thestdt of the analysis in terms of the response ideally
resembles the outcome of an analysis with the Random Finite Element Method (RFEM). In producing
the distributions of mobilized values, the main effect to account for is spatial averaging.

This choice wesmade because at the time of writing reliability analysis with standard geotechnical
models is considered the most realistically accessible option for practitioners, as opposed to RFEM
which is mostly restricted to academic studies and special applicatidume to its computationally
expensive nature.

5.3.2 Uncertainty components

The uncertainty in a ground property typically originates from various sources. The total uncertainty
Vit IN @ (Spatial average) ground property may be presented as (Ching et aD)202

o= Whod? + Wawi + Baai + 0w

Equation 16.

whereVx inn Vxmeas V. ransaNd Vi s are coefficients of variation for inherent variability, measurement
error, transformation uncertainty, and statistical uncertainty, respectivglys variance reduction

factor that accounts for spatial averaging effects (see 0). It is noteworthy that also Annex A (EN
1997-1) acknowledges these four sources of uncertainty (note that Annex A refers to measurement
error by Vi quaiy)-

The availal® site-specific data affects the process of uncertainty characterization, as illustrated i
Figure 13. Note that even when there is enough siek ~ *dad” _\ o\ #i 9 |, +71.
coefficient of variation, the calculated vaé should also be compared with literature ranges and
recommended indicative values.
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Figure 13. Steps in uncertainty characterization depending on the number of sfiecific measurements.

Collect site-specific
measurements within
geotechnical unit

More than 10 Less than 10
measurements within measurements within No site-specific data
geotechnical unit geotechnical unit

Using site-specific data

» Use site-specific data > Use site-specific data
to assess the mean to assess the mean
» Use site-specific data
to assess the
observed variability

» Evaluate averaging length of domain
» Estimate the remaining sources of uncertainties
based on recommended or literature values

Use data from nearby sites
and subjective assessment
to define the value
Use the estimated total uncertainty to constraints (and expected
calculate standard deviation value)
(multiply Vi by the mean)

Choose a suitable pdf and define Define pdf based on
its parameters subjective assessment

Using literature and judgement
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5.3.3 Inherent variability

The inherent variability (i.e. spatial variability) of a ground property in a certain direction may be
decomposed into a trend function (describing the mean) and a random variable that represents the
fluctuation around the mean trend). Fokample, a soil propertyX{z)) which exhibits a trend with
depth @), can be described by a trend functiofz) and a random fluctuation(z):

GG =0a+0a

< <

Equation 17.

Using this model, the coefficient of variation for iahent variabilityVxinmay be defined using the
standard deviation of the ternw(z). The (vertical) scale of fluctuatioh, describes the distance
over which the residualg/(z) are correlated (as illustrated iRigure 14).
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Figure 14. Inherent variability of soil and trend with depth (Nadim 2015)

Soil property, g
>

_ISOF, o

Fluctuating term, w(z)

Depth,

Trend, #(z)

SourceNadim 2015

The inherent variability in the horizontal direction may be modelled analogously, using horizontal
coordinates instead of depth coortlites. Scale of fluctuation in the horizontal directick)(is
usually one or two orders of magnitude greater than the vertida{Cami et al. 2020).

Accumulating literature on the magnitude of inherent variability has shown that certain physical soil
properties tend to exhibitk . values that vary withirthe same order of magnitude (Phoon and
Kulhawy 1999; Lacasse et al. 2007; Uzielli et al. 2006). Inherent variability can be considered
universal in a sense that factors like the geological age of the soil have little effecVam (Uzielli

et al. 2006).Therefore, the literature ranges ok .ncan be used at sites where the amount of data
are not sufficient for statistical analysis of the inherent variability (Phoon and Kulhawy 1999).
Indicative values ofk,mare given inTable 9, based on literatre values collected in Annex A to this
report,which in turn  largely based on TC 304, 202The recommended indicative values can be
useful in situations when the expected value of a ground property can be based osséeific

data (or experience), while there are insufficient data to estimate the variance (or coefficient of
variation).

Table 9. Recommended indicative coefficients of variation for inherent variabily{ for various ground
propertes (based on ranges repad in TC 304 (2021), see Annex A to this report

Property Soil Recommended Vx nn Range of COV from EN
1997-11
5 (KN/n¥) (total) Clay and sand 0.05 0.05-0.10
B #®$ clay 0.15
0.05-0.15
B #®$ sand 0.08
s #f K\ $ clay 0.30 0.30-0.50
s. (kPa) clay 0.30 0.30-0.50
su/nj clay 0.20 -
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Property Sail Recommended Vy inn Range of COV from EN
1997-1*
OCR clay 0.20 -
G clay 0.35 -
G clay 0.40 -
Ko clay 0.15 -
Ko sand 0.30 -
SPTN clay 0.30
0.15-0.45
SPTN sand 0.35
d. (MPa) clay and sand 0.10 0.05-0.15
E (MPa) (irsitu) sand 0.35 0.20-0.70

() The indicative ranges in EN 1997 Annex A do not specify whether they refer to inherent variability, or to observed
or total variability. Hence, they can be considered as upper bound values for inherent variability.

Source? sr f mpwpl® mu l

5.3.3.1 Assessment of inherent variability from data

Inherent variability of ground properties is usually the primary cause for the data scatter observed
within ground layers. However, scatter can also be caused by measurement errors. Hence, both
inherent vaiability (Vxn) and measurement erro mead contribute to the observed variability

(Vx.009 that can be assessed from the-isitu or laboratory measurements. Inherent variabilyin,

may be evaluated fromVx ssand Vi measaccording to (OrchanKulhawy, and Trautmann 1988;

Phoon and Kulhawy 1999; Mdller, Larsson, and Spross 2014):

°2§@Q= Oﬁsm (an Qj
Equation 18.

It should be noted that the above equation assumes independence (i.e. untransformed data). That
is, if the daa contains derived ground properties estimated using transformation models, the
transformation uncertainty also contributes to the data scatter within the geotechnical unit (see
5.3.7). IfVx measiS significantly smaller tharVxn, the observed variabiy Vxsmay be taken as an
approximation for the actual inherent variabilit inn

The observed variabilityk .osmay be larger than the actual inherent variabilit i.»(Phoon and
Kulhawy 1999), if:

d data from different geological layers are méxi, or

0 VxmeasiS large due to poor quality equipment and insufficient procedural controls, or
0 spatial trends with depth are not considered (data notttended), or
o}

data are collected over a long time period.
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If the mean ground property can be assumedhe constant within the geotechnical unit (e.g. there
is no trend with depth or in horizontal directioi, ..smay be estimated by means of the sample
standard deviatiors,:

r 1 Al r 2

= - ) a .

) : 1 Wy Ug
‘1

Equation 19.

wherex; is the measued ground propertyn is the number of independent measurementésandmy
is the sample mean (arithmetic mean) of all measurementsAsn increasess; provides more
accurate estimate for the actual standard deviation of the whole populatiginyx ..scan then be
calculated from:

Equation 20.

If there is a trend with depth, the mean trend of a ground property is first defined. Usually, linear
regression can be used, resulting in the following linear trendctiont(z):

de 04 =@+ Qg
Equation 21.

whereao is the intercept coefficienta, is the slope (gradient) coefficient, ardis the depth (or
elevation). Then, the de#ended standard deviation (assumed to be independent eptth) can be
estimated from (Lacasse et al. 2007; DNV 2021):

, 1
[AYe'tsNeX0's0) £ 2
Q1

Wo 0q?

Equation 22.

wherex is the measured ground property value at demho is the value predicted by the trend
function Equation 21) at that depth,n is the number of independent measurementsand (-2) is
the degrees of freedom. Leastquares regression analysis usually assumes that the residuals are
normally distributed. The natural logarithm (Imjay be used to transform the trend value into a
normally distributed value (see 5.4.4).

After defining sy derended Vx,obsmay be calculated using the ground property value predicted by the
trend function, at the middle of the affected volume within theaund layer (Phoon and Kulhawy
1999). If the measured values are distributed evenly across the trend line, using the mean ground
property mx or the mean value of all trend values leads to an almost identical result.

If the number of measurements within the geotechnical unitis very small (eg7 , + T, 0%
estimates, is marked by significant statistical uncertainty. For small samples, the observed value
range &maxXmin) may be utilized to acquire an estimate foi. For normally distributed data, an
estimate fornjis given by (e.g., Baecher and Christian 2003):
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o= Vg Wgn We
Equation 23.

whereN, is the correction factor for estimating the standard deviation that depends on the damp
sizen (seeTable 10).

Table 10. Correction factoiN, for estimating the standard deviation from sample range for normally
distributed variable as a function of the sample sine

n Nn n Nn n Nn

2 0.886 9 0.337 16 0.283
3 0.510 10 0.325 17 0.279
4 0.486 11 0.315 18 0.275
5 0.430 12 0.307 19 0.271
6 0.395 13 0.300 20 0.268
7 0.370 14 0.294 30 0.244
8 0.351 15 0.288
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Box 8. Example 5.4: Assessment of observed variability from field vane data

Consider a soft clay layer (depth= 0.78-4.32 m) withn = 22 measurements combined from three field
vane shear strengtts, ryprofiles (data from Lehtonen et al. 2015). The sofay layer was identified by
means of boths, sy and classification tests. The 2%, ryoObservations are assumed independent
(uncorrelated). In this example, the field vane measurements were reduced with a plastapgndent
correction factor of 0.94 tacorrect for strainrate effects, leading to the derived, values presented in the
table below

z 0.78 119 128 132 169 178 182 219 2.28 232 269
Su,Fv 93 122 10.2 136 9.3 113 125 9.9 64 16 104
Su 8.7 11.5 9.6 12.8 8.7 10.6 11.8 9.3 6.0 15.0 9.8

z 278 282 3.19 3.28 3.32 3.69 3.78 3.82 4.19 4.28 432
Su,Fv 113 12.8 10.7 116 148 128 9.9 154 113 116 16.8
Su 10.6 12.0 10.1 10.9 13.9 12.0 9.3 14.5 10.6 10.9 15.8

Option (a) mean s, rv constant with depth

The sample mean imx = 11.1kPa.The sanple standard deviationEquation 19) and mefficient of
variation Equation 20) are:

i —B o a ¢® 1O & O Wy T® T X
To compare, the range estimate for standard deviati@uation 23) is given by:

, U0 o @ T™® QY p@ @8tQ0 Oc® QI G °OQp TR OO
Option (b) mean syrv as linear trend with depth

The mean can be defined using linear regressiggyation 23) as:
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The detrended standarddeviation Equation 22) canbe defined from:

i 5 —B ® o0 c&P0D O Gp TR TP

The correspondiny.swas calculated using the trend valugdt the middle of the soft clay layer (11.0
kPa). If the mean value of afiHis used,Vi.ns= 0.20is obtained. In this example, the mean can be
assumed constant with depth, as the difference in the results is very snkgyre 15).

Figure 15. Estimatesof mean and standard destion for field vane strength for soft clay.
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Notice that this example does not yet consider statisticaltransformation uncertainty (see Example 5.5)

5.3.3.2 Estimation of scale of fluctuation

Typical value ranges for the vertical drhorizontal scales of fluctuatiod, and #, for soil properties
have been recently summarized (Arnold, 2016; Cao et al., 2016; Cami et al., 2020 and TC304,
2021). The TC304 (2021) report points out that most studies utilized CPT profiles due to the
amountand frequency of data obtained. As a result, thgestimates (compared to thek,
estimates) can be considered more reliabfégure 16 illustrates histograms of both and shows
that mainly due to geological depositioh tends tobe much smaller compared tés.
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Figure 16. Horizontal and vertical scales of fluctuations for soil properties (Cami et al. 2020).
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SourceCami et al. 2020

The practical implication is that soil layers can be interpolatetween ground investigation profiles
in the horizontal direction with rather high reliability (assuming that no anomalies have been
detected, see 5.2.2) famost soils, possibly with the exception of soft organic soils.

Methods to estimate the vertical sde of fluctuation from sitespecific CPT data have been
described and compared by Lloret Cabot et al. (2014) and Cami et al. (2020). The lattercftate
the-art report includes reviews on (1) typical value ranges for vertical and horizanté) worst
case¥ values for different geotechnical problems, (3) methods to estiméticom CPT data and

"s\hkg n \i _ #/ % _daa m io \poj”jmm g\lodji hj _

used to estimatet, is depicted inFigure 17. The linear dashed line represents the mean trend of
the measured property. Values i are defined as the distances between intersections of the mean

trend and the fluctuating property. An approximation fhris then given by the averagdistance
multiplied by factor 0.8 (Vanmarcke, 1977).
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The scale of fluctuation is a parameter that describie autocorrelation of inherent variability and
may be modelled via an autocorrelation function (or covariance function),Fsgere 18. The
autocorrelation function describes the coefficient of correlation of a soil property leetwtwo
points as a function of their distance (DNV, 2021).
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Figure 18. lllustration of aute-correlation functions
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Table 11 summarizes ranges for typical values of treeale of fluctuation. As outlined above,

nk\od\g ~jmm g\odji Vi _ \'n np~c oc”™ n”~"\g n ja ag
dependent on the observation scale. The values presentdabie 11 represent the engineering

scale for geotechnical structures.

If no or little information on the scales of fluctuation or degree of anisotropy is available, the

b jo ~cid™~\g _ " ndbi ncagepsgale of\fldctligtign which mgy bve peesent ° r j mn
at site. This can be detmined within a sensitivity analysis and by engineering judgement with

respect to the investigated limit states and associated failure volumes. Larger scales of fluctuations

tend to result in more conservative estimates, as less local averaging takes place

Table 11. Ranges for typical scale of fluctuation.

Likely range Potential range Remarks
Vertical scale of +) - 1T ,)1+), 1T - ) O|Di "sM kodji Vg ™M\
fluctuation #, [m] 5to 10 m have been found.
Horizontal sale of 0)+ ¢ . +[-)+ 9T , ++| Verylow values are typically found for
fluctuation #, [m] organic soft soils. High values are likely

for marine deposits.

Degree of anisotropy| 0 ) + T . +|-) + T , + + Potentially positive correlation with the
O +#8/+, vertical scale of fluctuation.
Qmspac8 ?srfmpgB mul umpi

5.3.4 Spatial averaging

The geotechnical parameter of interest is the ground property value affecting the occurrence of the
limit state. Therefore, averaging over an affected volume or a failure surface is tyjyicavolved,
leading to variance reduction. The spatially averaged parameter should be the actual physical
property that defines the ground resistance (etgn instead of the angle ). The averaging effect
can be determined in terms of the variance reduction factpwhich is governed by the relationship
between the averaging dimensions (i.e. affected volume), and the spatial-eotcelation. For one
dimensimal averaging over a length, the variance of the averaged random field is given by

(Nadim 2015):

55



2 —n2 1 2
u(:),(xl)_g’ U ”(I)

Equation 24.

wheredn oc”™ g\ md\i " rPm , B odpi oal " qXmdlktigthey | a
length over whichXis averaged. The resulting distribution wit is sometimes referred to as the
distribution of the mobilized value (Phoon et al., 2024). For axdépth treatment of spatial

averaging over lengths, areas and volumes refer to Vanrkar(2010).

For practical applications, the following approximation of the variance reduction fagtor the
vertical direction has been proposed by Vanmarcke (1983):

r’(L) =1 if L <6,
= Sy
FE(L)ﬁTL if L> 6,
Equation 25.

whereL is the averaging lenth andb, is the vertical scale of fluctuation (if averaging occurs in
horizontal directiont, should be used instead).

The extent of variance reduction depends on the averaging lelhgibr other domain) and the scale

of fluctuation §. Effectively, fullvariance reduction from spatial averaging effect iy +$ r j pg
occur if$ is a small fraction of averaging length (L/5 >> 1). On the contrary, no significant

variance reduction occurs (i/gy , $is edual to or larger tharl. (b y , $he int@mnediate

case, some variance reduction occurs but also the mean may be reduced by weak zone seeking.
These three cases (Hicks et al. 2019) are compare@idble 12 and also addressed iEuropean
Commission: Joint Researchr@ire, Orr, T., Sorgatz, J., Estaire, J., Prastings, A. et al. (to be
published)

The averaging length (or area or volume) depends on the geotechnical problem and the limit state
considered (se€&igure 19), and therefore the agraging effect should be addressed for each
Geotechnical Design Model separately. For instances,fahe averaging length may be defined

from the mobilization zone (resulting in mobilized undrained shear strengthay. If the calculation
model is dscretized into thinner calculation layers (e.g. to consider change in mean ground property
or to consider different layer stiffnesses in a settlement problem), the averaging length is the
thickness of the calculation layer (TC304, 2020).

Table 12. Different cases of spatial averaging

Case Description (applicable to Ratio L/A Variance | Casein | Corresponding
strength variables) reduction | Fig.21 | case for
factor ¥ characteristic
value in EN
1997
A Considerable averaging of soil L>>1 (5 is only ? 0 Spatially | Case A:
property value which leads to a small portion (ful averaged| Estmate of the
narrower mobilized value of averaging . shear mean value
o . variance
distribution, centered about the domain) . strength
. S reduction)
mean of the underlying distributior
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Case Description (applicable to Ratio L/A Variance | Casein | Corresponding

strength variables) reduction | Fig.21 | case for
factor ¥ characteristic
value in EN
1997

B Failure tends to be local and the | | 1 & is P o1 Point CaseB:

mobilized value distribution shear Estimate of the
. equal to or largel (no .
resembles the underlying . . strength | inferior or
. . than averaging | variance .

distribution (no averaging) domain) reduction) superior value

C Extent of spatial averaging is intermediate 0<n?<1 | Mobilised Case C:
problemdependent and there are | values ofL/s (some shear intermediate
two competing factors: (i) mobilize variance strength | value
value distribution becomes reduction)
narrower due to variance reductiol
and (ii) mean is reduced compare!
to the uncerlying distribution due tq
weak zone seeking

Qmspac8 ?srfmpgB mul ump i

Figure 19. Examples of averaging lengths: (a) 3D slope failure, (b) Strip footing subjected to verticahtpad

(c)

(c) friction pile under compression, and (d) basal heave for excavation in clay

(b)

(d)
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1D problem

Source(a) Vanmarcke 2011; Muller 2013, (b) Tabarroki et al. 2022, (c) Tabarroki et al.;20@ker 2013, and (d)
Tabarroki et al. 2021

Box 9. Background: Practical assumption of full spatial (dep#veraging

A common practical assumption for spatial averaging is that

a. full averaging over depth applies (since the vertical dimension of the affected volume typically is a
multiple of the vertical scale of fluctuation);

57



b. no averaging in the horizontal plane applies (since the horizontal dimensions are typically less thaJn the
horizontal scale of fluctuation.

When the above conditions apply (mainly a), we may apply full spatial (d¢ptleraging and a variance
reduction of? = 0.

Notice that the same assumptions are also underlying equations for characteristic values, as explained in
Deltares (2021).

Equation 25 implies that the variance reduction factor may be estimated uskgnly, without the

need to choose a specific autcorrelation function. Nonetheless, definitions of factgrfor specific
autocorrelation models are also available (see e.g. Cami et al., 2B2dWre 20 illustratesry as a

function of ratio L/% for the approximation method and single exponential model, implying that for
roughlylsh , + oc”™ km\ ~od”\g \'nnphkodji ja apgg nk\od
other sources of uncertainty (e.g. statistical due to limited numbgdata) will usually dominate.

Figure 20. Relationship between variance reduction factgrand ratioL/t.
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5.3.4.1 Weak zone seeking

Spatial averaging as conceptualized here presumes a fixed or knovuréasurface (e.g. along the
shaft of a foundation pile). When the geometry of the failure surface is not fixed, weak zones can
influence the failure mechanism and lower the mean value of the mobilized strength véligewre

21 illustrates that while the variance of the ground property is reduced by the averaging affect, this
weak zone seeking can cause the distribution to shift to the left (i.e. mean value has decreased)
(Case 3 inTable 12). The Randomiite Element Method (RFEM) can be used in such conditions
(e.g. Varkey, Hicks and van den Eijnden 2020; Tabarroki et al. 20213gséen 6.5.
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Figure 21. Probability distributions of point and mobilized shear strength
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Weak zone seeking is considered to be marginal for most applications, even though for some
applications it can be considerable and possibly be accounted for by reduction of the property mean
(Tabarroki et al., 2021).

Noticeth o oc™ \]Jjqg  ~ji~" " min Yam\i _jh%»% r \'f wuji n
layers which fall within the normal spatial variability patterns, as opposed to (not identified) weak
layers. The latter should be considered as separate geotechnitgd.u

5.3.4.2 Non-averaging properties

Some problems are not governed by average ground properties, but are instead affected by local
weak zones, in which case variance reduction is not applicable. For example, seepage may occur
through weak (high permeabilitylones and hence averaging effects are less significant. As
illustrated inFigure 22, the pile base resistance may be governed by local and hence inferior value,

as opposed to the shaft friction, which is often governed by the agera

Figure 22. Spatial averaging for a foundation pile
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5.3.5 Measurement error

Measurement error represents the deviation of the measured value from the actual value. The error
stems from several sourcesuch as imperfect equipment or (human) procedyaoglerator effects.
Measurement error can include both systematic error (bias) and random measurement error (noise).
Bias is the (systematic) difference between the actual mean and the mean of the measurement
Bias may be introduced by poorly calibrated equipment or systematic error in the procedure. In
laboratory testing, sample disturbance often causes both systematic bias and random errors
(Baecher and Christian 2003). Increasing the number of ground tigegtson data does not

necessarily decrease bias, since the bias might remain the same throughout testing. Systematic
bias is not reduced by averaging, while random errors are. If the magnitude of the bias is known, it
should be accounted for by correctiige measurements. Uncertainties related to equipment and
operator effects are often random. Such random measurement errors cause scatter around the
mean.

Gross errors can be caused by faulty equipment or procedure, and they are supposed to be avoided
by means of quality control and operational requirements (e.g. by following the recommendations in
execution standards). Gross errors related to interpretation of ground investigations should be
avoided by a thorough control scheme and an expert review (Bakd Calle 2006). Gross errors

are not usually included stochastically in the reliability analysis.

Some examples of evaluated total measurement error, defined through coefficient of variation
Vi meas are collected irmable 13. A more comprehensive literature collection can be foundimex
Aand ISSMGHC304 (2021). When choosing estimates #neasfrom literature, it is important to
make sure thatVk measiS Smaller than the observed variabilityk os(Equation 18). For example, the
unit weight for homogeneous clay may hav& «sas low as 12 % (Léfman and Korkiald anttu
2019, 2022), and in such caseg meas= 0 % may be assumed despite the literature range\bfmeas
=1-2 %.

Table 13. Recommended indicative measurement error in laboratory andiia tests (largely based on
Phoon and Kulhawy 1999).

Testing type Test Recommended | Estimated range
indicative Vxmeas | Of total Vx meas (%)
Laboratory tests| s, for clays and silts 0.10 5-38
I (°) for clays, silts and sands 0.05 3-56
tan(l ) for clays, silts and sands 0.05 2-22
Atterberg limits (%) for finegrained soils 0.05 3-18
Water content w (%) for finegrained soils 0.05 6-12
Pi do r  d B)toofinelgraitefd boflsh | 0.00 1-2
In-situ tests Standard penetration test (SPT) 0.20 15-45
Electric cone penetration test (CPT) 0.10 5-15
Field vane shear test (VST) 0.15 10-20
Dilatometer test (DMT) 0.10 5-15
Qmspac8 ?srfmpgB mul umpi
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Box 10. Measurement error in estimating total uncertainty

Measurement error should be applied explicitly in estimating the total uncertainty when inherent
uncertainty is estimated from literature arecommended indicative values.

When inherent uncertainty is estined from site investigation data, the measurement error is already
included in the observed variability.

When indirect measurement (e.g. CPased correlations) are used, measurent error is already covered
by the transformation uncertainty, and not coiered separately.

5.3.5.1 Measurement error in spatially averaged ground properties

When the mean value of ground property is evaluated, the related measurement error decreases
with increasing number of independent measurements n due to averaging (Spross angbbars
2021; Mdller, Larsson, and Spross 2014):

, , 1
Qf,wm eX I Ox’f,a g
Equation 26.

Notice that assuming high measurement error is not necessarily conservative in estimating the total
uncertainty (see 5.3.8). Deltares (2021) recommenkattmeasurement errors are not accounted

for in the statistical estimation of characteristic values of soil strength properties, unless it is quite
certain which part of the measurement error is random and which part is systematic.

5.3.6 Statistical uncertainty

Statistical uncertainty is introduced when estimating statistics of a population based on a sample
with limited observations or data. When the total uncertainty in a spatially averaged ground
property is assessed, the statistical uncertainty in the meae. (spatial average) is taken into
account, while the uncertainty in dispersion measures (e.g. standard deviation) is usually ignored.

Statistical uncertainty is treated differently manner in frequentist and Bayesian statistics. From a
Bayesian perspeate statistical uncertainty is included in the analysis by default, because the
probabilistic model parameters (e.g. the distribution parameters) are modelled as random variables.
In a frequentist approach, model parameters are fixed, and statistical uladety is addressed
separately through confidence intervals.

This section is limited to classical frequentist approaches to statistical uncertainty. Regarding
geotechnical data, we often have prior knowledge, and the sample sizes are typically small and
therefore Bayesian statistics are generally advantageous as any available prior knowledge can be
considered, as covered in chapter 6.

The statistical uncertaintyMx sw) related to assessing the (spatially averaged) mean ground
property from limited data 1§ independent observations) can be estimated from (e.g., Muller at al.,
2014):

WBion = Gbd

Equation 27.
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where the statistical factor i€)= 1/n if there is no trend with depth (i.e. constant meal),nnis
uncertainty related to inherent variability. As the sample sizicreasesVx s.:is reduced and can
usually be ignored ihh - +)

The above equation is based on the standard déwia of sample mean, also called standard error
of the mean, which is defined as the population standard deviatign d q d _ h. Hengefthes
standard deviation of the sample mean is given by:

. _ " (b
"oy T T~ ~
© M e
Equation 28.

wheres, is the sample standard deviation of measuremen¢sand n is the number of independent

j]n mg\odjin) Da oc Yo mp & isuoknown,therStudenttgd\ odj i |
distribution may be used when estimating the uncertaiih sample mean: if the underlying

distribution is Gaussian (normal), bog is unknown, the resulting estimated distribution follows the
Studentt_dnomd] podj i rcd”c c\n Yaloo m¥%b o\ldgn ~jhk\r
simple definiton in Equation 28 above is that is applies to any probability distribution (e.qg.,

Baecher 2019).

In the case of the mean being a linear trend with depth, the statistical faddis a function ofn
and also of deplh z (for a normally distributed variable; e.g. Spross and Larsson, 2021):

Cop o é111+é Q g2
= E,0 = < . < 5
: ¢ 3 ¢ e 1 lg

Equation 29.

wherem, is the sample mean of depthg where the measurements were taken asd is the

sample variance at the respectivaepths. This factofXn,z) represents the statistical uncertainty in
the estimation of the regression coefficients (interceptand slopea;) and the varianceni?

(Prastings 2019)Figure 23 compares this statistical uncertainty (the dashed line ket one
standard deviation) in two different measurements sets: the statistical uncertainty increases with
smaller sample size and greater extrapolation of the trend line (black line). Furthermore, if the
variance of the ground propertf can be assumedd be known (e.g. based on prior knowledge), the
term (n-1)/(n-3) is omitted (Muller 2013).

Compared to estimating the mean, estimation of standard deviatipifand variance) or the
coefficient of variationVk tend to require larger sample sizas In general, the variance
underestimated if n is small, and in such case literature values should be utilized. According to
TC304 (2021), there should be at least= 10 observations if samplé&k is estimated from site
specific data, whereas statistics with= 30 can be considered very reliable (TC304, 2021). For
further information about the statistical uncertainty in dispersion estimatese AnnexA
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Figure 23. Examples of contribution from statistical uncertainty in the assessment of inherent variability of
undrained shear strength
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5.3.7 Transformation uncertainty

Transformation uncertainty is involved with thetimation of geotechnical parameters (i.e. derived
values) when applying transformation models to the results ofsitu or laboratory measurements.
Many transformation models are based on empirical correlations like linear regression equations,
but they dso frequently incorporate some element of theory. The correlation is usually obtained
with scatter, which is one component of the transformation uncertainty. Also, biases may be
involved; that is, the transformation model may on average overestimate atarastimate a
geotechnical parameter, sometimes bias may be on purpose (e.g. conservative estimation).
Om\inajmh\odji hj “gn _“adi > _ rdoc °bgj]l\g
tend to be less biased globally, but also have moratser. Nevertheless, for a specific site the bias
in the global transformation models may be significant. Meanwhile,-sipecific transformation
models are typically unbiased for the investigated site, but may suffer from lack of data (i.e.
statistical urcertainty),Figure 24.

Based on the definition by Ching and Phoon (2014), the transformation uncertainty is usually
described using the following ratio (TC304, 2021):

G0 61 QOGHQ
T A O@00EOQ

Equation 30.

Theh > \'i g\ gp | a o cb),amthe cbgffitienbof vénatioo is denoledidgn  #
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Figure 24. Transformation uncertainty resulting from pairwise correlation between measured (target) value
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With known bias and uncertainty, the true value can be modeled as (Ching and Phoon 2014):
a 6QLEOQ = N BNV X O X -
Equation 31.

rc m> oc > gqg\md\]dgdot o mh A ajm oc’ om\inaj mh\o
and coefficient of variatioVs This characterization of transformation uncertainty is referred to as

the multiplicative form (Ching et al. 2017). An alternaicharacterization of transformation

uncertainty would be an additive form with a normal distributed zen@an error term (see e.g.

Ching et al. (2017) and Phoon and Kulhawy 1999b).

If the data used to derive the transformation model is not available, apfimate visual estimation
may be used to evaluate the standard deviation of the transformation modgt foughly, two
thirds of the data should fall withirt one sz (Phoon and Kulhawy 1999b).

Indicative values ofk vans(i.€.Vaabove) are given iTable 14, based on average literatarvalues

as collected in Annex.Af availalde, transformation uncertainty assessed using local (regional) data
should be preferred over indicative values. Transformation uncertainties and biases may be based
on global databases (see e.g. TC304, 2021) in the absence of other information. Moreigpecif
transformation models carefully fitted using highuality regional data have the smallest

Empirical studies suggest that transformation uncertainty is not affected by spatial averaging
(TC304 2021): Ching et al. (2016) studied the CPslidransformation model and concluded that
transformation uncertainty does vary in space. However, theigakiscale of fluctuation of the
transformation uncertainty was so large that it could be assumed that the transformation
uncertainty is fully correlated in space in practical terms. Sifgecific transformation models (Van
der Krogt et al, 2018) can behavdifferently.
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Table 14. Indicative values for coefficients of variation for transformation uncertainty for various ground
property pars (largely based on ranges repattin TC 304 (2021), see Anne}.A

Transformation Soils Global Vians (A) Regional Vians (A) [carefully fitted
model model]
i R clays 0.50 0.30
i_ 58y clays 0.50 0.30
L spey | clays 0.50 0.30 [0.20]
66YBO"Y |clays 0.40 0.20
60"y |clays 0.40 0.20 [0.15]
6 00 clays 0.90 0.70
6 Q clays 0.70 0.50 [0.35]
6 0Q clays 0.70 0.40
« YOY sands 0.10 0.10
e 807Y sands 0.10 0.10
0 "YO'Y sands 0.20 0.20
O 607Y sands 0.30 0.20
SourceAs r f mpgB mul umpi

5.3.8 Total uncertainty

To begin with, the total uncertainty of a (spatial average) ground property can be based on
recommended indicative values of the coefficient of variation based on the literature in the absence
of sufficient, adequate dataThe other option is to consider all individual components, if relevant, to
compose the total uncertainty. Both options are described below.

5.3.8.1 Recommended indicative values of total uncertainty

Phoon and Ching (2015) present ranges of total coefficient afigtion for reliability calibration
purposes (sedable 15 and Annex A

Table 15. Ranges of total soil property variability (for reliability calibration) according to Phoon & Ching
(2015) and Phoon & Khbawy (2008)

Geotechnical parameter Property variability COV (%)

Undrained shear strength Low 10-30
Mediunt 30-50
High? 50-70
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Geotechnical parameter Property variability COV (%)

Effective stress friction angle Low 5-10
Mediunt 10-15
High? 15-20

Horizontal stress coefficient Low* 30-50
Mediunt 50-70
High® 70-90

(*) Typical of goodquality direct laboratory or field measurement
(® Typical of indirect correlations with good field data, except for the SPT
(*) Typical of indirect correlations with SPT field data and with strictly empiricaletations

Source: Phoon and Kulhawy 2008

5.3.8.2 Total uncertainty ° general equation

Combining the elements from the previous sections, the total uncertainty in the spatial average

(mean) ground property may be calculated from (Mdiller, Larsson, and Spross)2014

22
"2 O, cvan Qi
G, e

: , . , : 1 ,
6B et o 023@6*’2 + (&’;2);@"(5 + G ey Y + OBg i
Equation 32.

The measurement errov measis reduced toVx avemeaONly if the N measurements are independent
from each other (e.g. no systematic measurement error). Henstould be taken as the number
laboratory tests or number of sounding profiles. If averaging of measurement error is not
considered, the above equation provides the upper bound estimate for total uncertainty.

Box 11. Background: Total uncertainty ground properties

Measurement error should be applied explicitly in estimating the total uncertainty when inhgvéen the
total uncertainty in the estimated (spatial average) ground property is assessed, the combination of
inherent variability, measumaent error, statistical uncertainty and transformation uncertainty (if
applicable) should be considered. The total uncertainty in a spatially averaged ground propgrtgan be
defined using the sum of variances while assuming independence between the sources of error (base
Ching et al. 2020):

v R »w h 3 » B » b » b

wherengin?, Ni.staf, Nikmea?, aNdNk wand are variances of inherent variability, statistical uncertainty,
measurement error, and transformation uncertainty, respectively; ghid the variance reduction factor
that accounts for spatial averagingrhe above sum of variances applies regardless of distribution type.
the components are itependent, normally distributed random variables, themis also normally
distributed. Likewise, if the components are independent, lognormally distributed ran@oiables, their
productis also lognormallydistributed. Frequently, there is more information on the coefficients of
variation than on the variances. Analogously, the total uncertaibty in a spatial average ground
property may then be presented as (Ching et al. 2020):

of

d on

If
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whereViinn Vi stas Vimeas aNd Vi ransare the coefficients of variation. The above approximation applies if the
total uncertainty is composed of independent random variables coefficients of variation of which are small
(less than 0.30) (Melchers and Beck, 2018).

The various comonentsin Equation 19 may be evaluated according to the previous subsections.
Below some simplifications of the equation for certain conditions or special cases are considered.

5.3.8.3 Directly measured ground properties (site -specific dataset)

In case of directly measured ground properti®&ans= 0 and drops out. If there are enough site

specific measurements to estimate dispersia®(, + 1. + $' r- h\t \nnph” oc\o

observed variabilityx o»sis the sum ofinherent variabilityVxisnand measurement erro¥x meas thus
resulting in (Muller, Larsson, and Spross 2014):

2
Fen *
1
+
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€

Equation 33.

ForVxmeas recommended literature values may be used in the absence of pregpetfic
information, with a maximum oWx meady  M}.obs It Should be noted that in the above equation,
g\mb™ m h " \'npm h io "mmjm ~\i ] %] i ad”rd\g¥®

For small sample sizes(< 10), using a Student distribution would be more appropriate to also
account for the statistical uncertainty in the variance, and to be consistent with the
recommendation for assessing clauteristic values irEuropean Commission: Joint Research
Centre, Orr, T., Sorgatz, J.dist J., Prastings, A. et al. (to be published)

5.3.8.4 Indirectly measured ground properties (using transformation models)

The total uncertainty in a spatially averaged value of a derived ground property using a
transformation model (e.g. an empirical corretat) can be acquired from:

, , . 1 ,
Uﬁ,cs’o (*8%,"@"9 o + Y + 03%,& Gei
Equation 34.

where Vs simply taken as the sample coefficient of variation (i.e. equaW4sy calculated using
the derived ground property values (i.e., the geotechnical patarsevhich have been estimated
using certain transformation models) and vansis the related transformation uncertainty.

If the transformation uncertainty is defined using the additive form (zereean normal variable),
the equation forVx «: depends o the form of the transformation model. Examples 9 «: for
different transformation models can be found in e.g. Phoon and Kulhawy (1999b).
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Box 12. Example 55: Total uncertainty in undrained shear strength frorelfl vane tests

Consider the soft clay layer (depth= 0.78-4.32 m) with 22 measurements of field vane shear strength
survpresented in Example &. The observed variability wag .,s= 0.207, which is taken to be equal to the
inherent variabilityVy .

Whens, is estimated froms, rymeasurements, a correction factor is needed to consider straite and

anisotropy effects. The transformation uncertainty related to field vane testing of soft clays is estimated to

have the rangeVx rans= 0.075, 0.15 (Phoon and Kulhawy 1999b). A midnge value is chosen, i.¥ rans=
0.11.

The variance reduction factay is estimated while assuming that the averaging length is the thickness @
the soft clay layerL = 3.54 m. For the vertical scale of fluctuatios, = 1 m is chosen based on the upper

l]jpi _ ja oc™ gdf gt g\ qmroxinmtondespy a+.)g8tn) Q\ih\ m~rf

The totaluncertainty® ; relatedto spatially averageds, can then be evaluated &m Equation 34
Wi O ®

L o; TR TMXTR Y — TP THICP O T PG

Now that the total uncertainty has been assessed, the pdf can be construétdagnormal distribution is
assumed Figure 25).

The standard deviation corresponding to the totaloertainty 6i.) is given by:

, Wip P HQO O @ p MO &

Figure 25. Total uncertainty in undrained shear strength represented by lognormal distribution.
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5.4 Defining probability distributions

Analysis of available data will not always give enough information, so the choice of probability

distribution will often involve engineering judgement. This section provides some guidance on how

to choose an appropriate one.

5.4.1 Useful probability distributions

Examples of continuous probability density distributions commonly used to represent the variability

in ground properties are collected irable 16.
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Table 16. Commonly useaontinuous probability distributions

Probability Probability density function Examples (pdf) Notes
distribution | (pdf)
» mean =2,
Normal Qe —=AgD- — standard
Gaussian VS
( ) B o Hb d§V|at|on
n
o _AgPp- — In(X) is
Lognormal n normal
T ® b distributed
*%0 o5 1o 15 zo 25
Source: Wikipedia public domain
2and5are
Qo - e shape
Beta ' parfsmeter<
ON THD € TN TIP (2*>0)5“
Source: Wikipedia public domain
0€QQ *;
Gumbel Ve -0 2
(extreme value .
distribution) |VRIQ — H @ b LRwe
- . . ™ X X
Source: Wikipedia public domain
fix)
1 - L -
o e All values
Uniform Qo W 0w are equally
T €M 0 Qi likely
0 a b X
Source: Wikipedia public domain
O o O mode =c,
Triangular Qw .. mean =
v © w0 \ (atb+c)/3
U W w !
Source: WikipediaCC BYSA 3.0,
https://commons.wikimedia.org/w/index.php?curid=182
Qmspac8 ?srfmpqgB mul umpi

69



Some uncertainties in geotechnical design are better represented by discrete distributions such as
binomial and PoissonT@ble 17). For example, the Poisson distribution can be used to model the

numbe of fracture zones in a given tunnel length (Stille et al. 2003).

Table 17. Commonly used discrete probability distributions.

Probability Probability mass function | Examples (pdf) Notes
distribution (pmf)
"Q ey f-Q A op N pmf giyes the probability In Bernoulli trials, there candeither
of getting exactlyk the occurrenceft © n p ~dFtheman» §
Binomial where pt [0,1]is the successes im occurrence of an evene.g.the
LINE O 6Af AGE 27 independent Bernoulli | exceeding of a allowable vibration
in each Bernoulli trial trials limit when blasting(Stille et al. 2003).
QG - pmf givesthe probability Example: Calculating the probability g
- A of k events occurring in| k overflow floods to occur in 100 years
where k is the number of a fixed interval of time | while the average rate is one overflow
) occurrences (k=0, 1,20 X or space if these eventq flood per 100 years Dz 1).
Poisson 9dz SNDAa ydzyo SN occur with a known Note that pmf can be adapted to have
factorial function.ParameterE | constant mean rateE = 1t where r is the averge rate at
is the expected rate of and indgpendently of the \hich events occur antlis the studied
occurrences time since the last even time interval.
Qmspac8 ?srfmpgB mul wumpi

5.4.2 Practical approaches to defining probability distributions

A suitable probability density distribution (pdf) for a given ground property (or other random
variable)can be chosen via different approaches:

5.4.2.1 Approach A: Fitting to site -specific data

If the amount of site specific data is sufficient(e.q@h , 0$ aj m _dnomd] podj i
maximum likelihoodNILB or method of moments can be applied. After finding one or more
candidate distributions, their suitability for the dataset can be evaluated by means of graphical
assessment or goodnessf-fit tests (like KolmogoroySmirnov or Andersearling). One common
graphical tool is the quantileuantile graph; another simple approach is to compare the relative
frequency histogram of the data and the pdfs. Another recommended visual method isrtgpare

the empirical cumulative distribution function (ecdf) constructed using the dataset (i.e. based on
relative frequencies) with the cdf of the distribution candidate (Benjamin and Cornell 1970).

It should be noted that goodnessf-fit tests considerthe data as a whole, and therefore the
distribution with highest scores might not be the best fit in the tails; from the reliability point of
view the fit to the tails is often more important (Baecher 2019).

5.4.2.2 Approach B: Combining site-specific data and lit erature guidelines

In this simplified approach, recommended indicative coefficients of variation are utilized to define a
normal or lognormal distribution by method of moments. The process entails the following steps:

1. Calculate or estimate the sitspecifc mean ground property (within geotechnical unit)

2. Use indicative literaturé/ ranges and engineering judgement to find an approprigkdor
the
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3. ground property (and compare with sigpecific sample)

4. Select a normal or lognormal distribution (see €lgble 18)

5. Determine the parameters (mean and standard deviation) for the distribution.

Table 18. Suggested probability distributions for different soil and rock properties.

Ref.! Ground property Soil type or rock Distribution (N = normal
distribution; LN =
lognormal distribution)

A Cone resistance Sand LN

A Clay N/LN

A Undrained shear strerth s, Clay (triaxial tests) LN

A B Clay (index tests) LN

A Clayey silt N

A, B Stressnormalizeds, Clay N/LN

A Friction angle Sand N

A Plastic limit Clay N

A, B Submergeds All soils N

B Natural water contentwv, Clay N

A, B Void ratio, porosity All soils N

A B OCR Clay N/LN

B, B Compressibility Clay N/LN

C Hydraulic conductivity Rock mass LN

C Rock strength Rock mass LN

() References: Ref A = Uzielli et €2006), Lacasse and Nadim (1996); Ref B: Léfman (2022); Ref C = Stille et al. (2003).

Source? sr f mpgB mul umpi

If the lognormal distribution is chosen, the parameters can be calculated from thesptecific
mean and estimated/ or standard deviation usinghe following transformations. If the mead
and standard deviatiomj are known, the corresponding lognormal parameters (i.e. of the

lognormattransformed values)? .x and njx, can be determined from:
2
2 — ” (1) — ]
wEG — In 1+ﬁ = In 1+(A£

w

Equation 35.

Equation 36.

Reversely, the coefficient of variation can be obtained from the standard deviation of the log
transformed values (independent of the mean):
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o= 2
% - exp » EQ 1
Equation 37.

5.4.2.3 Approach C: Physical constraints an d engineering judgement

Engineering judgement and prior knowledge on the limits of the ground property values may be
used in choosing and defining probability distributions. For example, to exclude negative values,
lognormal or truncated normal distributites may be chosen. Since normal distribution can produce
negative values, using lognormal is recommendable if ¥, exceeds 0.30 in case the value is
known to be nomegative. The amount of information that is available for subjective assessment of
a probability distribution should be considered (s€able 19).

Table 19. Needed information and constraints to assign certain pdfs.

Constraint Assigned pdf
Upper bound, lower bound Uniform
Minimum, maximummode Triangular
Mean, standard deviation Normal
Range, mean, standard deviation Beta

Mean occurrence rate Poisson

Source: Mishra 2002

Most sophisticated expert opinion procedures are tinmmsuming, whereas the thregoint
estimate-method can be usé by a small group or an individual engineer while still minimizing
biases. In this method, the assessor gives estimates for low, high and most probable value, and the
following principles should be followed in order to minimize the possibility of bia§&K 2022):

1. The most probable value should be assessed last in order to avoid anchoring bias;

2. The assessor should not try to evaluate the absolute smallest and largest values, but
instead give low and a high value that with a small probability might be esdaed, for
example the 5% and 95% fractiles. The absolute values are calculated based on the
fractiles (and the assessed most probable value).

Some threepoint estimate methods are listed ifable 20.

Table 20. Threepoint estimate methods based on engineering judgement.

pdf Description lllustrative figure

f(x)

The assessor is willing to state the

probabilities of exceedance, i.e. define whi
probabiliies are used. This case is describe
by Hudak (1994) (note that there is an erro
in the paper) and by Kotz & van Dorp (2004

Triangular
, Approach 1

Source: SGF (2022)
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pdf Description lllustrative figure

f(x)

The assessor assesses the probability that
the true value falls between the low ahthe
high value, see Garvey et §2016).

Triangular
, Approach 2

Source: SGF (2022)

fX(x
A normal distribution can be assessed fron
Normal one percentile and the mode. The mean i area = u
distribution equal to the mode (normal distribution is

symmetric). The standard deviation can be =
calculated using a table of-zalues.

Source: SGF (2022)

Lognormal A lognormal distribution can be assessed fj «

distribution first assessing a triangular distribution, see| ~ *"
Nederlof (2022) and Chang & Ko (2017). T|  °" \
mean2,x and variancenj,,? of the lognormal 000: \

distribution can be calculated from the meg

0,06

2 and the modem of the triangular ol LN
distribution: 002 l
0
) 10 15 20 25 30 35 40
Source: SGF (2022)
Qmspac8 ?srfmpgB mul ump i

Alternatively, any sort opdf can be defined by means of the cumulative distribution method (e.g.,

=\ "*"c " m -+,4% h\t ] pn _ o0oj kgjo \ _dnomd]podji
g\gp” \Vkkmj\ ~c ¥ oc sk mo dn bdgqg i ablitythanj pi _ kn
the true value is less than that value. These valpeobability points are connected by a curve that

is the approximation of the cumulative distribution function (CDF).

On the other hand, if there is no knowledge on which values are moraugagthan others, the
uniform distribution may be chosen which is defined by the minimum and maximum value only,
while all the value between are equally likely to be true.

5.4.2.4 Approach D: Bayesian methods

The use of Bayesian methods is discussed in Chaptdiheé. selection of probability distribution can
favor conjugate distributions if Bayesian methods are to be used.

5.4.2.5 Approach E: Prescribed distribution types

The type of distribution can be prescribed in codes and regulations.
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Box 13. Example 5.6: Triangular and lognormal distributions based on estimated constraints

A settlement calculation for embankment on clay requires pdf for coefficient of consolidatigm?/a).

G o%n \nnph™ oc\o i jmangarbysite, bot nositapecificclata i$ ayailablg.\ ] g °
Oc™ i " \m]t ndo>%%n _\o\ \i_ nple "odg  \nn nnhfio
(triangular and lognormal).

Step 1: Triangular pdf

Triangular pdf (parameters minimum, modem, and maximumc) is defined by estimating the mode and

the estimated low and high values which define the range where the true value is with 95 % probability
(¢=0.95).

m=1m>*\ # nodh\o" ja hj_"" 1\n>_ ji i \m]t ndol %n

| = 0.25 n?/a (estimate of the low value, based on subjective assessment)

h =4 m?/a (estimate of the high value, based on subjective assessment)

Step 2: Lognormal pdf from triangular pdf

The estimated triangular pdf is then transformed into lognormal pdf. (The mean of the triangular gdis
(a+m+c)/3). The mean and variance of the lognormal pdf are given by:

‘ — T8 VU
” —T[8U

Figure 26 below showsghe histograms simulated using with thegeiangular and lognormal pdfs.

Figure 26. Histograms simulated usg triangular and lognormal pdfs
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5.4.3 Cross-correlation between ground properties

Crosscorrelation refers to the probabilistic dependency between different ground properties. If

crosscorrelation is ignored, the reliability indemay be over or underestimated, depending on the

limit state considered. For the same ground property pair, the magnitude of the arog®lation
might vary depending on the dataset being used (e.g.-specific or global data).

74

_\

R



The magnitude of crosgorrelation between two random variables can be described with the

Ajymm> glodji ~j aad~rd io | pndib 0cTC304\202D)bj md  n n
0 Very strong whenNd# h +) 3

0 Strong rc i NkQ8uy w

0 Moderate we i WN\KO06yYy w

0 Weak rc i Nko04y w

0 Very weak when NXk 0.2

The level of correlation that becomes practically relevant depends on how sensitive the system
response is to the dependence between ground properties. Irt pases, it is safe to assume that
weak to very weak crossorrelations (NX 0.4) may be ignored for the sake of simplicity. The
relevance of moderate to very strong cres®rrelations can be investigated via sensitivity studies.

In general, the crossorrelation between ground properties is estimated by taking samples that can
be assumed to be from the same population and statistically comparing them by pairs (Fenton and
Griffiths, 2008). The correlation coefficiehdan then be estimated from the obseations (data

pairs). The number of data pairs should be at least ten (ISSMG804, 2021). The most common

aj mhpg\lodji aj m n\ hk-gomeft codealation coefficignt (oftemderiotedkoynj _p ~ o
r), which measures linear correlation. In the cadenon-linear correlation, rank correlation
ANjpTaadrcd ion #gdf S Nk \mh\i jm F i _\Vgg¥n o\p "jn

One of the most wetknown crosscorrelations is the negative correlation between cohesibh \ i _
friction anglel ¥Q\ gp > n | a [-0.24\oi-0070 Have beemreported by various researchers
(based on review by Forrest and Orr, 2010).

A literature summary of sitespecific correlation coefficients is presented in the TC304 (2021)

report. For nossite-specificcoss” j mm g\ odj i ~j aad”~d ion'" \ rd_" n
variability between sites, and more ground investigation efforts could then be directed to estimate

the site-specificNJf deemed essential.

Table 21 provides crosscorrelation coefficients of some common soil property values. The
coefficients have been mostly extracted from the ISSMBE304 report (2021), where more
correlations can be found. The ranges are representative of the averaged 26fth 75% percentile
of the observed correlation coefficients (Pearson prodomiment correlation coefficient and the
Spearman rank correlation).

Table 21. Recommended indicative cros®rrelation coefficientsParametersci/e effective cohesion, =
compession indexC; = swelling indexpP: = relative densityKour= dilatometer horizontal stress index, =
earth pressure at resti = saturated hydraulic conductivity; = liquid limit; M, = normalized effective
constrained modulus determined by oedotae P = plasticity indexw, = gravimetric water contentf =
porosity; Y& effective friction angle

Parameters Recommended value (-) | Range Saoll Remarks

Wh 0,7 0,3 0,9 cohesive From TC304 (2021)
LL G 0,7 0,4 0,9 cohesive From TC304 (2021)
Pl 0,55 0,3 0,75 cohesive From TC304 (2021)
Wh G 0,35 0,1 0,6 cohesive From TC304 (2021)
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Parameters Recommended value (-) | Ranget Sall Remarks

LL 0,4 0 0,6 cohesive From TC304 (2021)
Pl 0,4 0 0,9 cohesive From TC304 (2021)
B i
¢ 03 0,6 0,0 cohesive/ | o Amold (2016)
r_I1B& non-cohesive
Ke 05 0,0 07 cohesive/ | o Amold (2016)
non-cohesive
D 03 0,1 0,5 non-cohesive | From TC304 (2021)
Ko M, 0,75 0,6 0,9 non-cohesive | From TC304 (2021)
Kowmt 0,7 0,6 0,8 non-cohesive | From TC304 (2021)

() range is representative of the averaged 25%nd 75% percentile of the observed correlation coefficients

Sopac8 ?srfmpgB mul umpi

5.4.4 Depth-dependency

When a ground property exhibits significant defilependency, regression analysis can be applied
to explicitly model the trend of the mean ground property as a function of depth. In that case, the
standard deviatiorof the ground property values around the trend (i.e. error residuals) may be
assumed to be either constant (standard deviation constant with depth) or variable (coefficient of
variation constant with depth).

Also uncertainty in the mean stemming from statical uncertainty in the linear regression trend
can be modelled as a function of deptseeEquation 29 in 5.3.6.

The principles described for depttependent ground properties can be applied to other variables
too, such as stress. Example 5.7 illustrates how linear regression is used to characterize the
uncertainty in rock strength as a function of confining pressure.

Box 14. Example 5.7: Defining distribution parameters forear regression

Background

This example is adapted from Bozorgzadeh and Harrison (2014), who aedly data set of triaxial
strength of Delabole slate (Brown et dl977), a transversely anisotropic rock. The strength of such rocks
with planes of anistropy (e.qg. foliation, cleavage, schistosity or sedimentary structures) isuvelerstood
to vary with the orientation of the applied major principal stress relative to the anisotropic structure as
ncijri di A 9 the) failyre meshanisrA is 8omated by fracturing across the cleavage and is due
to strain localkation in the rock matrix. At cleavage inclinations betweerf 46d 6C°, shearing along a
single or small number of anisotropy planes dominates. At inclinations close togflitting ofone or more
cleavage planes dominates. A hybrid of the croasd alongcleavage mechanisms occurs at all other
orientations. Here, a subset dfata shown inFigure 27 withi j h d i \ ¢ ardanadyedtir-isolation
using simple linear regression, focusing on quantifying and communicating uncertaifstigstical
uncertainty in particularpnd variabilities.
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Figure 27. Delabole slate strength aa (from Bozorgzadeh and Harrison, 2014).
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SourceBozorgzadeh and Harrison, 2014

Simple linear regression

Figure 28 showsthe axial strength data vs. confining pressure for Delabole slate data with nomal
90° along with the fitted simple linear regression model which is discussed below.

Fori8 , ' npairs offobservations,( R, ), a simple linear regression model is formulated as:

where,, is the axial strength which is the response variable in the regression mqde$ the confining
pressure which is the predictor (also known as covariate or explanatory variable) in the regression mo
and| and| are the intercept ad slope, which are the parameters of the regression model to be
estimated from the data; | | , isthemean, when, » . Theerrorresiduals are
assumed to be independent and normally distributedhwiero mean and unknown varianég.The least
squares estimates of the slope and intercept are:

B

() - and O,

(I)n

Note the change in notation, frora ¢ (unknown population parameter) to "a" (leesjuares estimate,
which is subject to statistical uncertaintyJhe estimate ofii?is the average squared residual:

B

where, s the estimated axial strength af . The below tablesummarizes the leat-squares

parameter estimates andhe estimated standard errors (SEs) of the estimated parameters. The SE is the

standard deviation of the sampling diskiitions of the parameter and can informally be thought of as a
measure of statistical uncertainty in the estimates. Estimates of the SEs of the slope and intercept are
obtained as:

YO

YO i -

The SEs can be used to construct confidence intervals (Cls) for the slope and intercept:

del,
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Heret is the critical valuefor the t-distribution with € ¢ degrees of freedom and a specified confidence

level. For a 95% confidence interval and 34 observatians, 2.034; the resulting 95% confidence
intervals are reported in the table. These intervals can be thought of asgims of error for the estimated
parameters. It should be noted that there are many computer packages included in freely available

programming languages such as R, Python and Octave, as well as the LINEST() function in Excel that return

least-squares parareter estimates, SEs and confidence intervals.

Parameter Point estimate (sg) 95% confidence interval
| HU 133.6121.39 (90.04, 177.19)
| H 10.10.40) (3.17, 17.04)
iU 50.35 -

Figure 28 depicts the fitted model. At any specific value pf, the estimatedmeanaxial strength is' Fu

® & ,°. Thisis shown as the solid line. The two dashed lines mark the 95% CI fand add a
margin of error to the estimate. A confidengeterval for mean axial strendt (i.e. mean response variable
at a given value of, * (i.e. the predictor) is constructed as:

‘U 6 JYO where YO i -

The criticalt value is the same as befordt is emphasised again that the above confidence interisah
margin of error for the estimated mean response and effectively reflects uncertainty in estimated slope
and intercept. The regression modelutd also be used to predict a future value of axial strengthat a
given confining pressurg®. The margin of error for this prediction is the prediction interval (PI) and
calculated as:

., 0JYO where YO i p -

The PI accounts for the additional variation of the individual observations about the mean; this is show
the dasheddotted lines inFigure 28.
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SourceBozorgzadeh and Harrison, 2014
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5.5 Model uncertainty

Calculation model uncertainty is related to imperfections and idealizations made in applied
engineeringnodels for representation and prediction of quantities such as pile resistance and
foundation capacity (DNV 2021). Calculation models may be biased (e.g. conservative on average)
and marked with scatter in the relationship between predicted response ¢algulated resistance)

and the actual response (e.g. ftdtale load test). In geotechnical engineering, calculation model
uncertainties can be significant or even dominant in a reliability assessment. Therefore, it should
always be included in the analis

5.5.1 Model factor (definition)

The model uncertainty in can be quantified via random variable referred to as model fadtor
rcd»c dn oc mVodj ja h \npm _ #¥W ~op\lg¥% jm %omp
quantity predicted by thenodel)r::
~ _ lg
U = —
Lo

Equation 38.

Valuer can be a quantity like load, resistance, or displacement. The mean of \Wil(®er.,/ 1. is

the bias. A mean value equal to 1 means that the model is unbiased. The startiasidtion or the
coefficient of variation ofM describes the variability of the model predictions. This statistical
treatment of model uncertainty is analogous to the approach described in Annex D (Design assisted
by testing) of EN 1990.

5.5.2 Estimation

The sttistics for the model factor (i.e. model uncertainty) may be assessed on the basis of (Baker
and Calle 2006):

0 empirical or experimental data (such as the compilations by ISSNIGED4 (2021) and Tang and
Phoon (2021)),

0 comparison with more advanced comptitan models,

0 in the case of lack of specific or explicit data, based on engineering judgement (expert opinion)
(DNV 1997).

To derease the uncertainty, fulscale testing at the site or the Observational Method (see section
8.3) may be considered.

5.5.3 Modelling

A simplified approach to considering the uncertainty in calculation model is to multiply the
calculated response with a random variableM (Baker and Calle 2006, ISSMGE304 2020):

i = ‘lc‘,x 0
Equation 39.

whereM may be defined as a lognormal random variable with mean and CoV equal to the
corresponding statistics (sample mean, i.e. the bias and sample CoV) calculated for the model
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factors M (ISSMGH C304, 2020). The additive form of calculation model uncertainty mayubed
alternatively (similarly as for transformation uncertainty).

5.5.4 Recommended indicative values

Model factor statistics are scarcand expensive to obtain. Annexplovides an overview of
available statistics, largely based on the staté-the-art repot by ISSMGH C304 (2020)Table
22 provides indicative model factors for practical use in reliability assessments for the most
important geotechnical problems and calculation models.

Table 22. Recommendecthdicative model factors for geotechnical computation models*

Type of . Expected value Coefficient of
Type of calculation model .

problem my variation Vy

Slope stability | LEM or 2BFEM 1.0 0.10

Retaining walls | Elastic/plastic spring supported beam

(effects of (bending moments and shear forces) 1.0 0.10

actions)

Spread Stability, analytical (e.g. Brihh Hansen) 1.0 0.15

foundations

(resistance) Settlements (SLS) 1.0 0.20
Piled Model pile method (CPBased) 1.0 0.15
foundations
(resistance) Other methods 1.0 0.15
Embank t . L

mbankmen Analytical consolidation and creep models 1.0 0.20
settlement

(*) The values in this table are jugmentbased and largely taken over from the JCSS Probabilistic Model Code (Baker and
Calle, 2006). Notice that the higher coefficients of variation for many geotechinicodels as reported in Annexake
mostly the result not being able to separate pureoatel uncertainty from other variability or uncertainty in the
measured and predicted values. In other words, the reported statistics seeminglyestienate model uncertainty
because other components of variability and uncertainty are still included.

Sourc 8 ?sr fmpgB mul ump i
These indicative values can be used in the absence of (better) model uncertainty data or estimates.

When using model with large model uncertainty (CoV>30%), it can make sense to work with model
uncertainly only, and to ignore parametrincertainty, because the contribution of the latter will be
insignificant compared to the model uncertainty.

5.6 Actions

The reliability of geotechnical structures is also controlled by uncertainties of (external) actions (e.g.,
wind load or surcharge load)nd the selfweight of construction materials such as concrete or
steel.

Reliability analyses in the Eurocodes context are usually formulated as-tmaariant reliability
problems, as opposed to timdependent ones. In timeependent problems, varialyiin time, such
as the variability in actions acting on the structure, is modeled explicitly (e.g., through time series).
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In the timeinvariant approach, variability in time is captur@dplicitly through probability

distributions, such as extreme valuéstributions (see example on groundwater levels in 5.2.3). The
probability distribution is then, for example, used to model the uncertainty in the maximum load in

the reference period considered.

Typically, geotechnical reliability problems are dominatgditre uncertainty in the resistance (e.qg.

ground properties), but the uncertainty in actions can be important. We distinguish three situations:

3. Uncertainty in actions insignificant: If the uncertainty in actions has no significant effect on
the reliability estimate (and no probabilistic model is available), the design values can be

used as (deterministic) point estimates (see 6.3.5).

4. Uncertainty in actions dominant: If the uncertainty in actions dominates the reliability

estimates, the actions should be rdeled probabilistically based on statistical analysis of

data (including potential correlations).

5. Uncertainty in actions significant but not dominant: If the uncertainty in actions has a
significant effect on the reliability estimates yet not a dominantefii.e. some influence),

the action models should be modeled probabilistically, ideally based on data. In the absence
of suitable data, the probabilistic action models can be based on approximate probability

distributions fit to the known design values (@@&xample below).

For the probabilistic modelling of actions, both permanent and variable, guidance can be found from

other publications, such as the JCSS Probabilistic Model Code, Part 2: Load Models (Joint Committee

on Structural Safety).

Box 15. Example 3: Approximate probability distributions for actions based on design values

In this example we derive approximate probability distributions for the permanent actiGpar{d the
variable actions Q) for a situationin which the design values are known but no (underlying) data are

Since the relevant partial factors for CC2 awe = 1.00 andog = 1.30 (for VC3), we can derive the
characteristic values as:

o — re p 1 RU V] - 5 o@ Qu

are:
O permanent actions: p = 0.5;
O time-variable actions: p = 0.98 (referring to the distribution of the yearly extreme values!).

Furthermore, we assume typical coefficients of variation @f*/0.05 and \ = 0.15, as forexample
discussed irEuropean Commission: Joint Research Centre, Vrouwenvelder, T., Dimova, S., Sousa, L.

small V), and with the databove we can determine the mean value and standard deviation as:
: O ™ p o , it pmimdiu vQO

For the variable action, we assume a Gumbel distribution, since the variable action consideraunaxi
values occurring in the specified reference period. For obtaining the parameters of the Gumbel distrib
we have to combine two steps, since the design value is given for a reference period of 50 years, whe
the quantile p is specified for yearlextreme values. Firstly, the exceedance probability (CDR), fdr a
Gumbel distribution (for annual maxima) is defined as:
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According to EN 1990 Annex C, typical quantiles (p) of the ugthgrlprobability distributions of the actions

Markova, J. et al. (2024)Now, for the permanent action, we assume a normal distribution (uncertainty wi

available. The design values at = 100 kN andQ; = 50 kN, respectively, both for consequence class CC2.

ution,

reas
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with location parameter; (subscript 1 for one year reference period) and scale paramétdfurthermore,
the relations between the Gumbel parameters and the distributions moments are:

Mean and locdbn parameter:* ; @ T® X0 z © ;5 T X kO
Standard deviation and scale parametey: = y 2 -
knowing that the coefficient of variationies — T v

h

We can now find j (or® ) iteratively or by optimization, and obtain for this case; ¢ & kN, which is
the expected annual maximum value Qf

The corresponding location parameteréis ¢ & ¢ which can be scaled to a referencenind of n years
by:

AR —

whichresults in® ¢ @t dor 50 years. Notice that this scaling of reference periods is a special
property of the Gumbel distribution, and results in a horizontal shift of the PDF and CDF, asaiiéast
below Figure 29). As discussed, this approximate approach may be apt, when the actions are not
dominant in the reliability problem.

Figure 29. Gumbel distributions with different reference periods and the design value.
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6 Reliability analysis for geotechnical applications

6.1 Principles and definitions

6.1.1 Limit state and limit state function

In order to assess structural performance, structural responses are divided into desirable and
undesirable statesThe structural response is represented by a limit state funcgéx{t)), which
attains a positive value for desirable states and a negative value for undesirable states (EN 1990
Annex C.3). The boundary between these states is called the limit statesashefined as:

Qe 0 =0
Equation 40. EN 1990 Formula (C.1)

The domain of undesirable states or adverse (failure) eveng(t)), also called the failure domain,
is given by

mLo = QLo <0
Equation 41. EN 190 Formula (C.B

wherex(t)N X(t) is the vector of the random variables governing the exceedance of the limit state.
These variables charactise the uncertainty as discussed in Chapter 5. As stated in section 5.6,
most structural and geotechnical engineering problems are formulated as-invariant (see 6.1.4).
Therefore, in the remainder of the text we will mostly use x instead(®f, as tre time-dependence
is modelled implicitly in the variables.

Pndib oc n° _ " adidodjin’ Ysaldgpm % "~ ioldgn \it
(ULS) or serviceability limit state (SLS), depending on the definition limit state function.

Inthe case where resistances R and effects of actions E are explicitly defined in the computational
model, the limit state function can be written in terms of a safety margj(X) = Rs Eor a factor of
safety’ g(X) =R/ E, 1. Many of the geotechnical compational models do not explicitly define
resistance and load terms, in which case the limit state function can be formulated by means of
indirect variables. For example, when the strength reduction method is applied in a finite element
analysis to determie a factor of safety, the resulting factor of safety FS can be used to formulate
the limit state function asg(X) = FSK) , 1 (i.e. factors of safety lower than one imply failure).

For serviceability limit states (SLS) the serviceability criterion cdarobe used to formulate the
limit state function. For example, the limit state function for an acceptable displaceniggtwould
be intuitively:

QL = 0y 6 L

Equation 42.

” Notice that in structural engineering the unity chedic= E/ Ris commonly used, which is the inverse of the factor of
safety commonly used in geotechnical engineering.
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A limit state indicatory(X) can be used to indida whether a computational model results in a
desirable or undesirable state:

QL = 1 if QL <0, undesirable state (failure)
0 if "QL 0, desirablestate(non failure)
Equation 43.

This formulation is convenient when the evaluation of the limit state results only (or easier) in
failure versus norfailure rather than an exact value. For example, when the ULS is evaluated using
a finite element model, loss of equilibrium implies failure and is sufficient to evaluate the limit

state indicatorly(X), while the evaluation of the limit state functiog(x(t)) may require the iterative
shear strength reduction, which is computationally more demanding. Most of the sarptiegd
reliability methods (e.g. Monte Carlo simulation) only require failure versusfaiture information.

6.1.2 Random variables and joint proba bility distribution

In order to account for the uncertainties involved in the reliability analysis, they need to be captured
in a joint probability density functiofix(x). This density function describes the probability density of
the vector of the basicandom variablesX = {4, X' X} using marginal distribution®2 « for

each individual componen{ and the correlation structure between the different components. The
individual component represent the individual random variables of tigeotechnical structure

such as material properties; the correlation describes any (partial) dependence between the
individual components.

6.1.2.1 Continuous variables

For continuous marginal distributions of random variables, which are used to represent most
uncertainties in geotechnical reliability problems, the uncertainty is modelled with probability
density function (PDFR2 @ and the cumulative distribution function (COB) .

6.1.2.2 Discrete variables

In some cases, discrete distributions arise in addition to the continuous distributions. Relevant
discrete distributions are those describing probabilittes subsurface scenarios (e.g. the presence
of a weak or conductive thin layer). The reliability methods described below are mostly capable of
dealing with continuous distributions. Therefore, discrete variables are often treated as scenarios.
The total pobability is then computed based on the conditional probabilities per scer&rigsing

the law of total probability:

bo=  Gati60 %= 0 0L < 0$% T Y
Q1

Equation 44.

Example 6.1 illustrates this treatment of discrete scenarios using the subsertaenarios
described in Example 5.2.
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Box 16. Example6.1: Total probability in stratification scenarios

Here we econsideiExample5.2 with two possible stratification scenarios in the grountbdel Figure 30):

Figure 30. Exampleof two stratification scenarios.

SCENARIO 1 SCENARIO 2 (same, but without old river bed)

Qmspac8 ?srfmpgB mul umpi

Probabilities for scenarios 1 and 2 are denoted@s’Y and0 "Y ; they are mutually exclusive and
supposed to be exhaustive. The scenarios can be presented in a probability ére=véint treeFigure 31),
defining a probability of failure for each lanch:

Figure 31. Probability event tree to account for scenarios.

_AS)— pxis) —@ BrXISHP(s)

P($1)

P(S2)
Pr(X|S;) — @ Pr(XIS2)P(S2)
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The total probability can then be calculated by summing the probabilities of each bradck= 0 3 2

0 A8 03 z0 AL .Theapproach can be extended to include multiple discrete variables by su
branching scenarios.

O

If there is correlation between the discrete and continuous variables, the continuous variables can be
expressed in terms of condinal stochastic variables* "Q esY and<Lx "Q esY . However, for
subsurface scenarios that is rarely the case.

6.1.2.3 Correlations

Ground properties or other (geotechnical) parameters may be (eyosselated (see 5.4.3). The
most common method for modelling correlation in a structural reliability context is through an iso
probabilistic transformation (for details refer to the literature on Rosenblatt and Nataf
transformations, e.g. Liu & Der Kiureghian (1986)). The Nataf transédiom is illustrated in
Example 6.2. The advantage of this transformation is that besides the marginal probability
distributions only (Pearson) correlation coefficients are required as input for the ezoa®lations.
Most relevant software packages uskis option. More sophisticated correlation models such as
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copulas are uncommon and hardly justifiable given the sparse data on correlation in geotechnical

applications.

Box 17. Example 6.2Standard Normal (Nataf) trafiermation

This type of transformations is implemented and used in most of the relevant software packages for
reliability analysis. As a user, you can consider this as background information, which is not necessary
practical application.

Considem joint probability with marginalsdx "Y rfp andx* 0 Oph®& and a Pearson correlation
coefficient” 1m@. Samples in parametespace can be generated from standartrmal random samples
in two steps. First by correlating the standard normal randeariablesi to create correlated standard
normal variablerj, and secondly by applying the igzrobabilistic transformation off to introduce the
marginal distributions for each variable:

T A
L£ 0O T

"Ais some factorisation of thecorrelation matrix), such thaty "AAl, such as the Cholesky
decomposition. The components of the correlation matrixare the Pearson correlation coefficients
between normalised stochastic variables and w. Other deompositions (e.g. Eigen decomposition) can
also be used resulting in an equivalent transformation, but with a different rotation in the transformatio
between Uspace and Wspace. The is@robabilistic transformation is applied variabley-variable and
reads® O B o .Applied to the two marginal distributions, this results in:

® B ow
O Agp mMzo

The combination of the two steps can be referred to as transformatiyrsuch that= "Y== 8The
transformationfrom parameter space<) to standardnormal space=) can be performed by the inverse
of the two operationsg Y <L . In this way, the limit state function can be formulated in standard
normal space to facilitate probabilistititerpretation.Figure 32 givesa graphical representation of the

two transformation steps.

Figure 32. Stepwise transformation from Uspace to parameter space by correlation (U to V) and iso
probabilistictransformation (V to X). Red dashed lines indicate the (mapping of) the contour lines of equal
distance to the mean in standard normal space (i.e.-contours).
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6.1.3 Probability of failure and reliability index
The probability of failure is defined as the probability of undesirable performaBRggX) < 0),

formulated consistently with 6.1.2 as:

GQ: n@ ° 'Q
me
Equation 45. EN 1990 Formula (C.4)

whereY(x) is the domain of undesirable events whegé) < 0 andfx(x) is the joint probability
density function for vector of random variables (seeFigure 33).

Figure 33. Joint distributionfx(x), limit state surfaceg(x) = 0 and failure domainy(x).
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The reliability index and the probability of failureP: are used as standard metrics to express
structural reliability The functional relationship between the failure probability and the reliability
index is given as:

Vo= B 1
Equation 46. EN 1990 Formula (C)5

with w (t) being the standard normal cumulative distribution functidiable 23 shows some
example combinations % and P.

Table 23. Relationship of reliability inde% and failure probability® illustrated with numerical examples

L _ fc[\Vcfcns ch”_r ¢ Probability of failure Px
1.0 1.5x10?

2.0 2.3x 102

3.0 1.4x 108

4.0 3.2x10°

Qmspac8 ?srfmpgB mul umpi
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6.1.4 Time-dependent variables

Most of the ground model and geotechnical parameters are timeariant, meaning that the
probability distributions model the lack of knowlegl@bout a true value (i.e. epistemic uncertainty)
that does not change in time. Therefore, geotechnical reliability analyses are generally performed
as time-invariant. In a timeinvariant reliability analysis, tim@&lependent variables (e.g. for external
actions or ground water levels) can be included consistently within the reliakblityed approach by
use of extreme value distributions in the following cases:

0 only a single timedependent variable exists;

0 multiple time-dependent variables exist with fulberelation between them, such that the extreme
events can be expected to occur simultaneously, or can be linked to a singledépendent
latent variable.

Accounting for multiple timedependent variables requires simplifying assumptions or more
advanced aproaches accounting for the dependence between the variables. See JCSS (2001) for
more details and practical approaches.

When extreme value distributions are used, the corresponding random variables often represent the
(annual) extreme values, in whichsmthe calculated probability of failure has a reference period

of one year (denoted a8, and B.,). If the reliability requirements are formulated with a different
reference period, for example 50 years to represent the lifetiofehe structure (see 2.4.3), the
extreme value distributions will need to refer to the 50 year maxima or minifiiae corresponding
probabilities of failure or reliability indices may be referred to &g and the annual probability of

failure P.so respectively. An alternative approach to evaluate the reliability for longer periods is to
work out and sum conditiongrobabilities over a series of shorter time intervals. This allows for
explicit differentiation in the variable distributions over time and can give a more complete insight
into the probability of failure over time (see 2.3.6).

6.1.5 System reliability aspects

In the Eurocodes context, reliability analyses will mostly be carried out for individual failure modes
(of individual structural members, if applicable), because reliability targets are formulated (or
interpreted) at that level (see 0). Hence, systemahiiity analysis is rarely required.

When system reliability does need to be evaluated and the system performance is not already
formulated in a single limit state function, the components of the system can be identified as
individual members (e.g. multiplpiles as part of a single foundation) or failure modes (e.qg. sliding
or overturning of a gravity retaining wall).

When evaluating the reliability of a system with multiple components, an important aspect to be
accounted for is the ralistribution of loals over the different members (redundancy). This
redistribution can take place before as well as after the failure of a single member and is strongly
linked to the type of failure (yielding, brittle failure) of the individual members.

When evaluating thealiability of a system with multiple failure modes (for which individual limit
states can be defined), the correlation between the failure modes is an important aspect.

Some approaches to combine the individual reliability of different components are:
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If practically feasible, the structural performance as a whole, involving all (interacting) members
and failure modes, is modelled in a single model. In this way, the exceedance of any of the
involved limit states directly provides the system reliability.

Asa conservative estimate of the system reliability, failure probabilities of the individual failure
modes can be summed (for a series system). This forms a straightforward and relatively accurate
approach for systems with only few, distinct and independéatwcorrelated) failure modes.

An alternative approach in case of correlation between failure modes is to account for this
correlation (i.e. the overlap of the failure domains of the individual failure modes) in the
summation of the component failure phabilities. A possible approach based on FORM design
points (see ) is given by Hohenbichler and Rackwitz (1982).

A more extensive discussion on system reliability can be found in Der Kiureghian (2022). Many
software packages already include capabilitiesdombine limit states in a system reliability
analysis.

6.2 Reliability analysis methods

This section gives an overview and basic descriptions of the reliability methods most commonly
used in practice, to give a basic understanding to practitioners. The methalimplemented in
most relevant software packages and explained in more detail in their documentation.
Implementations, documentation and examples of opswurce and/or free software are available

heré:

0 COSSAN (https://cossan.co.uk/)

0 OpenTURNS (httplapenturns.github.io/www/)

0 Probabilistic Toolkit (https://www.deltares.nl/en/software/probabitstidkit- ptk/)
0 UQLab (https://www.uglab.com/)

0

UQPy (https://ugpyproject.readthedocs.io).

More irdepth Algorithmic details, examples and evaluation ofabllity methods can be found in
the literature, such as Der Kiureghian (2022), Ditlevsen & Madsen (1996) or Phoon & Ching (2017).

6.2.1 Basic notions

Starting from the structural performance described by a limit state functig{r), defined such that
g(x) = O represents the limit state, the probability of failurfi@, or the reliability inde, is to be
evaluated. Example 6.3 deals with this exercise for a simple-tiadable problem.

8 The list of software contains packages known to be useful to the authors at the time of writing which are either free or

opensource. Commercialgtkages are also available but not listed here to avoid generating competitive
(dis)advantages. The list is in alphabetical order, not in any order of preference.
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In practice, limit state functions are often neimear and random variables ay be nornormal or

crosscorrelated. The two most widelysed methods for reliability analysis are briefly described in

the sections below, namely:

0 Firstorder second moment method (6.2.2)
0 Point estimate methods (6.2.3)

& Firstorder reliability method (&.4)

0 Monte Carlo simulation (6.2.5)

0 Other sampling techniques (6.2.6).

Response surface methods and metamodels or surrogate models will be briefly discussed in Section

6.2.7, since theyave shown to potentially overcome accuracy, robustness and efficipnalylems
of the conventional methods.

Box 18. Example6.3: Reliability index for a simple limit state (analytical solution)

Suppose that a safety margin, given by the difference between resistance and load effé@ts§ 'Y

Y, describes the structural performance of a retaining wall, a pile, or other geotechnical structure. In that

case, the mean valué and vaiance, are, respectively given by

n . . ¢d 9 9

whereNk}is the coefficient of correlation betweeRand S. Assuming normal distributed load and
resistance, the reliability indeXis estimated by (Cornell, 1969)

T N

Figure 34 gives a graphicainterpretation of the reliability index when evaluated in this way in the case
where loads’Yand resistancesY are uncorrelated. In this representation, the reliability index represents
number of standard deviationthat the mean safety margin is removed from the limit state (i.e. failure).

the

Figure 34. Graphicakepresentation of the reliability index for independefit (1) and normal distributed
load S and resistance R.
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6.2.2 First-order second moment method (FOSM)

A simple option to approximate of the probability of failure is using the fistler second moment
(FOSM) method. This method only requires information related to the second moment statistics
(meanvalue and covariance) of the random variables, while approximating the limit state function
by the first order term of the corresponding Taylor series expansion around its mean, i.e.,

£

Qu,E ., Q' o B g G %4*‘
o G

Equation 47.

The evaluatiorof the partial derivatives of the limit state function can be done analytically (for
example in the case of analytical limit state functions) or by a finite difference approximation.
Depending on the type of finite difference approximation used, the corapoihal model is
evaluatedn+1 times (in case of forward difference or backward difference) or-2 (in the case of
central difference). The applied perturbati@wn the finite difference approximation needs to be
large enough to avoid numerical instabilities in case of numerical modelling result. For FGSM,
T, is a reasonable starting point. Larger perturbations can lead to better approxamst under
the condition that the direction of perturbation (forwawdifference or backwardlifference) is
chosen towards the limit state. In this way, part of the potential rlamearities in the limit state
functions are accounted for in the differenti@an. Mean valué ; and variance of the limit state
function can be directly approximated by

i"Q “Qi (:)l’E "(’)‘%

Equation 48.
£ ¢ ' 0 '|' "0
) "oged oo et 5 Iy
217a1 Gl G
Equation 49.

The reliability index and the probability of failure can then b&timated using5 =24/ (. Due to its
simplicity, the method can be easily implemented in spreadsheets or scripts. Notdcthstion

49 simplifies to the following form forY® , (and assuming indpendence between the random
variables):
¢
2 o ‘ = I 1 ‘ 2
) Q' o E v og nog8 Q
el
Equation 50.

FOSM leads to exact results for linear limit state functions with normal distributed, independent
random variables. In general, however, it only providesiwggtoapproximation of the probability of
failure, because this method ignores important information on the random variables, such as their
distribution, and introduces significant errors in case of Aorear limit state functions.

Improvements to FOSM proped in the literature like the second order second moment method
(Baecher and Christian, 2003) and the quartdased first order second moment method (Yang &
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Ching 2019) have advantages under certain conditions, but have not found wide use in geotdchnica
applications.

6.2.3 Point estimate method (PEM)

The point estimate method (PEM) is based on the estimation of the central moments (mean and
standard deviation) of the limit state functiog(X), i.e. the safety margin, to estimate the
probability of failure:

o OdQeq
"®1.0

Equation 51.

A 0d(Qeg g2
"®1.0

Equation 52.

with x; being theN points at which the limit state function is evaluated andg being the weights by
whichg(x;) contributes. The optimal cha® for the combination of pointg; and weightsw; follows

the principles of Gaussian quadrature, and depends on the distributiofarid the desired

accuracy in the estimation of the moments. Recommendations can be found in Baecher & Christian
(2003). Haring obtained the mead, and variance, of the LSFdistribution, we can estimate the
reliability index by =24/ (.

When using only the first two moments (mean and variance), two poingse needed for one
stochastic variable. For larger nurats of variables, the number of points for which the limit state
function needs to be evaluated increases rapidly. For example, whed0, a total of 2'° = 1024
evaluations are needed. Another limitation of the PEM based on two central moments, ig trdy i
yields exact results for linear limit states. This leads to significant errors in the calculated reliability
in the case of (strong) notinearities of the limit state function (see Christian & Baecher, 1999).

Due to the limitations, the PEM is nfsequently chosen for application in geotechnical problems. Its
accuracy is similar to FOSM, while FOSM is easier to use for first approximations.

6.2.4 First order reliability method (FORM)

In the Firstorder reliability method (FORM) method, the reliabilitglem is formulated in the
standard normal variable space, and linearized in thecadled design point instead of in the mean
values. The design pointX), which is the central concept in FORM, loosely speaking is the
parameter combination for which thimit state is most likely to be exceeded. Or more rigorously, it
is the point in parameter space dhe limit state with the highest probability density (after
transformation to standard normal space, séggure 35 and backgroud in 6.1.2).
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Figure 35. Transformation from physical space (left) to standard normal space (right) for a joint probability
distribution with correlated parameters and ndimear limit state function. The definitions of desigmint x* =

T(u*), HasoferLind reliability index5u., and ingredients for the importance factors*uare given in standard
normal space. The design point can be represented in parameter space asxgjoint
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In standard normal spag, the Hasfer-Lind reliabilityindex5y. is defined as the minimum distance
from the origin to the limit state (Hasofer and Lind, 1974), i.e.,

Y — i "Y — z
T “Qnglrzlo 00 = B A

Equation 53.

which can be geometrically interpreted as the numberstdndard deviations of the safety margin
between expected performance and failure, in terms of the limit state function.

Another important element in the first order reliability method are the influence factdysvhich are

defined as:

O = YD

Equation 54.

whereU= {U,, 8, Uy} is theunit length direction cosine vector, expressing the sensitivity of the
standardized limit state to changes on each random variable. The influence factors provide valuable
information on tre FORM results due to their following properties:

0 Influence factors lie in the range,

Wy ,) | “blodqg’

g\'gp n

di _d”~\ o°

of an increasing value of the variable in question (i.e. load); positive values indicate a favourable

influence (i.e. resistance).

The absolute value of an influence factor lies between zero and one, zero indicating no influence

on the reliability and one indicating dominant influence.

The sum of the squared influence factors equals one @e.

p), mplying that|

indicates

the contribution of the uncertainty of a random variable to the probability of failure. For example,

a variable withU, = 0.8 has a contribution of 64%.

Due to the transformation from standard normal to physical space, #fgha factors for correlated
parameters need to be treated with caution, especially in the presence of strong correlations.
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FORM is available in many commercial and fammmercial software packages, most often in
combination with detailed algorithmic domentation. An example of a FORM analysis, including
discussion of influence factors igiven in Sectior.4.3

6.2.5 Monte Carlo simulation (MCS)

Monte Carlo simulation (MCS) is a sampling based method, which imi@est form (Crude Monte
Carlo) implies drawing random samples from the joint probability distribufigx) of the random
variables involved (see 6.1.2), and evaluating the limit state function for those samples. The
probability of failure is then estimged as the ratio of the number of realizations resulting in failure
(Nr) and the total number of realizations\j:

¥ l‘j"Q

Uo= 5—
Q U

Equation 55.

Noteworthily, design point estimates (as obtained in with FORM) can also be prothrcgédude
Monte Carlo simulation (and most other sampling techniques), aiding the interpretation of the
results. Most software packages dedicated to (structural) reliability analysis comprehend this
feature.

The accuracy of the estimate depends on the riugn of (failed) realizations, which can be
expressed in terms of the coefficient of variation of the estimated probability of failure:

. 1 0Oq
o Tl
Equation 56.

A coefficient of variatiorivis of 5 to 10% is considered suffiently accurate for estimating

structural reliability. Hence, the can be used as a convergence or stopping criterion for Crude
Monte Carlo simulation and in addition forms the basis for the derivation of uncertainty bounds of
the estimated valuegseeSection6.3.4.2 Equation 56 implies that the number of required

samples can be estimated using angiori estimate of the probability of failure by

" 1
" Gt O
Equation 57.

For example, if the probability of failure is 10(which corresponds t5 = 3.7), the required number
of samples for a sufficiently reliable answer would be one million {Lfor a coefficient of variation
of Ve = 10%.

The implication is that Crude Monte Carlo simulation, while very attractive due to its accuracy,
simplicity and robustness, is only tractable for limit state functions which can be evaluated with
very low calculation times (e.g. closédrm, analyti@al formulae). The method is largely prohibitive

for computationally expensive limit state functions such as problems involving finite element
analysis. This efficiency problem is addressed by other sampling methods and surrogate models as
discussed in thenext sections.
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6.2.6 Other sampling methods

Several variants of Monte Carlo simulation offer better efficiency than Crude Monte Carlo (i.e. fewer
required evaluations of the limit state function), in some cases at the cost of accuracy or
robustness. The list bel contains widely used sampling methods:

Latin hypercube sampling (LHS)
Importance sampling (I1S)
Subset simulation (SS)

Directional sampling (DS)

o o ox ox o«

Line sampling (LS).

The practical significance of these sampling methods is that they are more accurateessdorone

to convergence problems compared to FORM, while being more efficient than Crude Monte Carlo.
The main characteristics of the more widely used variance reducing sampling methods are given
below.

6.2.6.1 Importance sampling (I1S)

Importance sampling (IS) es prior knowledge of the failure region (i.e. the parameter
combinations leading to failure) to define an alternative joint PF w, the importance sampling
distribution, which will be more efficient in generating samples around the limit state compared to
the original joint PDF.

The probability of failure estimate is obtained analogously to Crude Monte Carlo by cguihin
failure samples, only for IS these are weighted to correct for being generated from the IS
probability distribution instead of the original one:

N
. 1 . _ R g
Uq O u-dae:, Vo= L
o
Equation 58.

with It [x] being the indicator function retuing the value 1 for failure with sample and zero for
non-failure. Notice that forQ "Q @ this boils down to Crude Monte Carlo.

The importance sampling distribution can be chosen completely arbitrarily, but will be more
effective if centred around the design point (s&égure 36), producing realizations practically
equally on both sides of the limit state. Hence, the combination of first running the first order
reliability method (FORM) to obtain an estimate of the design point, and subsequent importance
sampling is an attractive oon (e.g. to deal with nofinearity). Alternatively, an importance
distribution can be defined using insight into the limit state function and the safety margin. The
most important parameters are often easily identified based on experience, after wkieh t
importance sampling distribution can be shifted in the general direction of the failure domain. This
can be done for a selection of the most important parameters. However, an incorrect design point
as the centre of the importance distribution can leaa dverestimation of the reliability or reduced
efficiency (see Example 6.6). Updating the position of the importance distribution during the
simulation can be an effective strategy to limit the impact of this problem. This method of
improving the samplingtrategy during simulation is known as adaptive importance sampling (AlS).
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Figure 36. lllustration of importance sampling (IS) compared to Monte Carlo simulation (MCS) with the
parameter space of a multivariate distributioreft) and the corresponding standard normal space (right).
Compared to Monte Carlo simulation, importance sampling is very effective in sampling from the failure
domain with the same total number of samples.
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6.2.6.2 Subset simulation (S ubSim)
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Subset simulation is a samplingased reliability method in which a series of conditional Monte
Carlo samples is generated. Samples are conditioned to fall in the lowergerfentile of the
previous subset, typically the tpercentile. In this waythe samples are narrowing in on the limit
state in subsequently generated subsets, after which the final probability of exceeding the limit
state is estimated as the product of the conditional probabilities of the subskEigure 37 shows
an example of a subset simulation.

Figure 37. Schematic example of a subset simulation with the parameter space of a multivariate distribution

(left) and the corresponding standard normal space (right). Subsets aregted with subsequent conditional
probabilities of 10% (i.e. 1{percentile, tk ~ m~" °
probability of failure is the production of the subsequent conditional probabilities between subsets.thit

Subset 0 is a standard Monte Carlo sample set and that Subset 3 itself does not need to be sampled for the
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Subset simulation is mostly insensitive to ndimearities, dimensionality and smoothness dfet

limit state function. The efficiency in terms of number of model evaluations scales approximately
linear with logf), and the method typically requires several thousands of realisations. The
robustness is influenced by the performance of the MarkovioHdonte Carlo sampler that is being
employed for the conditional samples of the subsets. Further details and evaluation of subset
simulation in the context of geotechnical engineering can be found in Au & Wang (2014).

6.2.6.3 Directional sampling (DS)

In directbnal sampling (DSsigure 38), the limit state is iteratively evaluated in randomly sampled
directions in standard normal space by a line search algorithm. Along each of the randomly
sampled directiong (i.e. along the search lines starting at the origin), a conditional reliability index
5. ds established as the distance in standard normal space between the origin and the limit state.
The probability of failure is then evaluated as

- 1
o= 1 + 2 2 O
Ug 5 Tid

@1.0

Equation 59.

whereR2 (f D) is the chisquare distributionN the number of directions in which the lirgearch is
performed andD the number of random variables (i.e. dimensionality). Like all samgtiaged
reliability methodsgdirectional sampling converges to the exact probability of failure with increasing
N.

The computational cost of directional sampling scales approximately linear with both dimensionality
andlog(P). Depending on the employed lisearch algorithm, directimal sampling may be

sensitive to strong noflinearity and noise in the limit state function. Many (adaptive) improvements
are possible to enhance the efficiency of directional sampling, such as moving the origin of the
directional line search in the dirégon of the (apparent) design point, or applying importance
sampling ont; with and increased sampling density for the orientations in whichis expected to

be small.

Figure 38. Schematic example of directional sampling tvitadial sampling from the origin in standard
normal space.
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6.2.6.4 Surrogate models

The option of using surrogate models for reliability analysis is explicitly mentioned in EN 1990. A
surrogate model (also referred to as response € or metamodel) is an approximation of the
original computational model fitted to a limited but carefully selected set of evaluations of the limit
state function called the experimental design. The surrogate model itself is ideally a
computationally inegensive model which approximates the computational model (at least) in
relevant parts of the parameter space (i.e. around the limit state). Typical options for surrogate
models are polynomial expressions or Kriging models. In adaptive versions, the siermogdel is
updated as more evaluations of the limit state function are performed and an informed decision
can be made in the selection of parameter combinations to be evaluated. Once a surrogate model
approximates the computational model sufficiently wetthe reliability can be estimated by applying
traditional reliability methods on the faster surrogate model instead of the original computational
model.

Since the research in adaptive surrogate modelling has increased in recent years, there are many
methads available combining different surrogate models, learning functions, algorithms for
reliability estimation and the stopping criteria. See Moustapha et al. (2022), and Teixeira et al.
(2021) for reviews of such approaches.

Broadly speaking, simpler metardels (e.g. polynomial) tend to perform adequately for low
complexity limitstate functions, while more complex metamodels (e.g. Kriging) perform better for
complex functions (e.g. highly ndimear, noisy and/or incomplete) as discussed in Van den Eijnden
et al. (2021).

6.3 Practical recommendations

This section contains practical recommendations for reliability verification of geotechnical limit
states, relating to the steps generally taken for the analysisaslined inFigure 39.

Figure 39. Steps in reliability analysis (section outline)

Define limit Select Select reliability Evaluate

state function(s) random variables method results
[section 6.3.1] [section 6.3.2] [section 6.3.3] [section 6.3.4]

Qmspac8 ?srfmpgB mul umpi

The other practical options described subsequently are the use of point estimates (6.3.5), reliability
based design values (0) and conditial reliability analysis using fragility curves (6.3.7).

6.3.1 Limit state functions

In addition to EN 1990, EN 1997 establishes principles and requirements for the safety,
serviceability, robustness, and durability of geotechnical structures. EN -IBSFecfically provides
principles and requirements for the design and verification of certain types of geotechnical
structures, supporting elements and groundwater control. The formulation of limit state functions
for reliability-based analysis is in principldéntical to the formulation for partial factobased
analysis.
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6.3.1.1 Explicit (analytical) versus implicit (numerical) limit states

EN 19973 mostly presents explicit limit state functions based on design equations. Due to their
computational simplicity, theselosedform equations are very easily evaluated in a fully

probabilistic way, even by the computationally most demanding sampling methods (i.e. Crude Monte
Carlo). Many limit states in engineering practice can be formulated using these design equations,
even for more complex designs, but others need numerical models, which often introduce a
significant computational load and result in an implicit limit state function.

Once the numerical model response is reformulated in the form of a limit state funciiopicit

limit state functions are, in principle, treated the same way as explicit limit state functions when

applied in the reliability method. However, implicit limit state functions can be (very) time
Ajinphdi b Vi _ h\t = scdVindthe imepdal acowdatyoftle Yai j d n " Yi)
computational model (to improve differentiability/smoothness of the implicit limit state function) as
much as possible is advisable.

It is essential to prepare a robust calculation model for the probabilistic analysiso@ating for
possible limitations of the software used or the formulations of the constitutive laws. For example,
extreme values of the random variables or combinations of these might be incompatible for the
software or lead to numerical issues. For thiason, prior tests of the model by evaluating the
model for possible extreme parameter combinations are advisable. This should also reveal if other
calculation adjustments are necessary (e.g. adjusting calculation precision or steps, adding small
cohesion)Moreover, for computationally expensive models (e.g. FEM), the model should be as
simple as possible without compromising the accuracy of the results. For example, some aspects to
be analyzed and accounted might be: dimensions of the model, simplificatfahe geometry,

mesh optimization, number of calculation stages/ phases. This is always good practice but even
more important in probabilistic analysis.

6.3.1.2 System and component limit states

For system reliability problems, it can beneficial to define timait state for the overall structural
performance by combining all components into a single limit state function. In this way, each model
evaluation directly gives the performance of the system and the reliability method evaluates the
system reliability réher than the reliability of single members or failure modes. This approach

works with reliability methods that are insensitive to the (r@imearity of the limit state function

(e.g. Monte Carlo simulation).

With reliability methods that are sensitive tihe linearity of the limit state function (e.g. FOSM or
FORM), it is better to define and evaluate separate limit state functions for each individual
component or failure mode. Each component can then be evaluated separately, and the combined
reliability can be determined as explained in section 6.1.5, as illustrated in Example 6.4 below.
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Box 19. Example6.4: Limit states for multiple failure modes

The reliability problem of slope stability in undrained conditi@mmntains two layers with independent
stochastic soil strength  andi  (all other variables araleterministic)Figure 40.

Figure 40. Geometry of slopein undrained cadition for the definition of the ultimate limit state for slope
stability"QL=  "O"Y p. The two failure mechanisms are the deep and shallow sliding circles.

ump i

Pndib =dncj k%n gdhdo | pdgd] stigicode cam beofaupnd critical, d o c
depending on the undrained shear strength in each layer. The system limit state fui@ion= can be
formulated as the combination of the component limit state functioi = and™Q £ for deep and
shallow failure modes respectively:

0 OV p

o, J_ 7 = N Loy .
Q = I E IQhQ with QW OY p

The undrained shear strength (in kPa) in each layer is lognormal distributediwith & D0 0°
p B 1) 18t andi @ DO O p & M) 18t ; they are assumed independent. The
performance function can be plotted in parameter space andpace Figure 41):

Figure 41. Systemlimit state function for undrained slope stability involving two layers with independent
shear strength.
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When using a standard FORM implementation, the design point corresponding to a deep sliding surface
¢ r o8uiis found. When the reliability is evaluated componavise, both design point$ ( ; o8t
andi i ¢8) are found, indicating that the system FORM analysis esgtimated the reliability. The
system reliability can be estimated by conmting the component reliabilities, elg.

B B T % B T x pBo Y
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6.3.2 Selection of random variables

Based on the characterisation of uncertainty of all relevant parameters and their ecaseelations
involved in the determmistic model (geotechnical parameters, geometry, loads, model parameters),
a joint distribution is to be formulated as input for the reliability analysis. Both for the performance
and the interpretation of the analysis, it is beneficial to only model vatés with significant
uncertainty as random variables. The selection of random variables can be based on:

0 Engineering judgement

(For example, the uncertainty in elastic properties may be large, but the relative contribution to
the ultimate limit state maywell be negligible compared to the contribution of the strength
parameters.)

0 Sensitivity analysis
0 Preliminary reliability analysis using a less refined model.

(A less refined and computational model can be used first with a more efficient reliabilityhoet
The relative influence of the different random variables, e.g. based on FORM influence
coefficients, can aid the selection.)

A simple check to verify if treating variables as deterministic and not random is to perform the

reliability analysis twice: mce using design values, and once using the mean values. The difference

di oc” m gd\]dgdot 5¢0.1)." s ncjpg_ ] nh\lgg # )b)
6.3.3 Selection of reliability method

Several problerspecific aspects need to be considered to select an appropriate reliabilithoae

that can provide appropriate estimates of the reliability in a reasonable amount of time. Appropriate
estimates in a practical context are those with an absolute estimation errds lrelow 0.1 (or a CoV

in the estimated Pf below 0.1); a reasonable ammt of computation time is considered to be

several hours.

Figure 42 provides a flowchart based on the following characteristics of the problem and the
associated limit state function:

0 the time Tserequired to evaluate the linit state function once;

0 the behaviour of the limit state model (i.e. wdlehaved problems have limit state functions
which are not strongly noitinear, noisy or incomplete);

0 andto alesser degree:
9 the number of random variables (dimensionym;
I insightdi oj oc® al\dgpm _jh\di # )xd) diagp i ""

All aspects affecting the selection of the reliability method are discussed more in detail below.
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Figure 42. Flow chart for selecting a reliability metlibbased on characteristics of the limit state function
(LSF). The dotted arrows indicate optional verification or improvement steps, or an alternative approach as
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The decision criteria should be considered as indieatas strict criteria are impossible to formulate
for general limit state functions. Specifically the selection of an appropriate samgliaged

method may depend on specific characteristics of the limit state function, and (small) algorithmic
enhancement®f the reliability methods can have a significant impact on the efficiency and
accuracy of the method.
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6.3.3.1 Computation time of the model

The time it takes to evaluate the limit state function has a major impact on the applicability of
reliability methods. Foexample, a high computation time excludes Monte Carlo simulation as a
suitable reliability method due to the high number of required calculations. Based on the
computation timeT for a single evaluation of the limit state (i.e. the computational model{sigd to
evaluate the limit state functiorg(x)), the following guidelines can be followed:

T<1lms All reliability methods can be used, even for high reliability (i.e. low
probability of failure), with Crude Monte Carlo being the most robust meth
T~1s Only samplingbased methods with variance reduction for efficiency

(importance sampling, directional sampling), surrogate meag$ed and
Levetll methods can be used.

T> 1 min Only levelll methods and surrogate moddiased methods can be used. In
exceptional cases, sampling methods may be an option.

Box 20. Background: Required accuracy and computation times with Crude Monte Carlo

Monte Carlo simulation is the only reliability method for which the required banof limit state function
evaluations only depends on the reliability level and its required estimation accuracy. Consequently, the
total computation time for the estimation of the reliability with a required accuracy (ebg. T Jtcan be

evaluated analyticallyFigure 43 gives the required total computation time as a function of reliability
index and time”Y . For example, for limit state model with computation timg¢ =1 ms and a
reliability index of T the total computation time is roughlyY p h.

Figure 43. Total computation time required for the estimation of the reliability index by MSC with estimation
uncertaintyw T TBS a function of the reliability indek and the time to evaluate the limit state function

MCS - computational demand for Vp. < 0.10
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—— Ttot =24 hours
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Ttot =1 month
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T T T
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time to evaluate LSF Tisf
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6.3.3.2 Number of random variables (dimensionality)

High-dimensional reliability problems (i.e. many random variables) are problenfat gradient
based methods. For example, FORM requires more model evaluations for the derivation of the
gradient of the limit state function for higher dimensionality, and the assumption of a linear limit
state in the HasofeiLind reliability index lose accuracy in higher dimensions. Some sampling
based reliability methods are completely insensitive to the dimensionality of the problem (e.g.
Monte Carlo simulation or subset simulation), and samplbased methods are typically more
effective in highdimensional problems with strong nelmearities.

6.3.3.3 (Non-)Linearity

Reliability methods which are based on assumptions regarding the shape of the limit state in either
parameter space or t$pace can perform poorly when applied on strongly fimear problems.n
particular, the first order second moment (FOSM) and point estimate method (PEM) are very
sensitive to norinearity of the limit state function, and should only be applied when the limit state
function is approximately linear. The first order relialyilihethod (FORM) can suffer from non
linearities through the convergence at an unimportant design point as well as an incorrect
approximation of the limit state by the assumption of linearity. In (geotechnical) practice, the latter
is seldomly a problem anthe approximation by FORM tends to be sufficiently accurate. Importance
sampling (IS) can lead to incorrect results when Amearities of the limit state form distinct

failure domains, of which one or more are undsampled. Only few reliability methodsre

completely insensitive to the shape of the limit state, of which Monte Carlo simulation is the most
robust method.

6.3.3.4 (Numerical) model stability and existence of solution

Numerical models can suffer from instabilities in their formulation, often as auk of finite

precision in their numerical convergence schemes. This can lead to stability issues resulting in
erratic behaviour of the limit state function in the form of numerical noise or discontinuities. Noise
and discontinuities can be problematicrfthe application of gradienbased reliability methods like
FORM or DS.

Another form of instability in the limit state function may come from the validity of the
computational model for certain (extreme) combinations of input parameters. Some combinations
of parameters, although plausible according to the joint probability density function, may lead to
physically impossible scenarios in the (humerical) model, such that a solution for the limit state
function does not exist. The neexistence of solutionsan cause difficulties in the evaluation of the
reliability if the algorithm of the selected reliability method is not designed to deal with these
incomplete model responses. Incomplete model responses are common in the more complex
geotechnical analysispf example when failure occurs during the initial stages of the analysis (e.g.
the modelling of a construction phase before the evaluation of the actual limit state).

6.3.4 Verification of results (as part of design check)

The results from reliability methodare estimations of the reliability and need verification for
accuracy. Inaccuracies may be due to the unsuccessful application of a method, such as failure to
converge or the convergence on an unimportant design point. Verification of the results carnsaddre
guestions such as:

0 Is the resulting reliability index reasonable?
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0 Is the failure mechanism (in the design point) plausible?
0 Have all failure mechanisms been identified?

d Are the confidence boundsy( ) on the calculated reliability index acceptable?

0 How sensitive is the result to the input parameters?

Below some practical recommendations are given.

6.3.4.1 Design point (FORM)

Practical checks that confirm the plausibility of first order relialyilinethod (FORM ) analysis
outcomes are:

8 The development of the reliability inde®)(and the influence coefficientd) over the iterations
can indicate whether the analysis has converged satisfactorily.

d The influence coefficientd]) should be plausilal for the problem at hand, i.e. the variables with
the largest contributions should make sense. And the sigr) @Hould correctly indicate whether
a variable has a favourable or unfavourable effect.

0 The limit state function can be (re)evaluated in thesign point &*) in order to:
1 check whether the design point is indeed close to the limit state;

I examine the failure mode in the deterministic analysis (e.g. failure surface, stresses,
deformations).

Whereas design point estimation is inherent to FORM, dammpybased methods can also provide
design point estimates (for example the sample in the failure domain with the highest probability
density in standard normal space). Most software packages for reliability analysis already include
this option.

6.3.4.2 Uncertaint y bounds for sampling -based reliability methods

Uncertainty bounds for samplingased reliability methods can be used to assess the uncertainty in
the estimation of the probability of failure. These bounds can be formulated based on the
estimation variane, which can be evaluated without additional simulations for most of the
samplingbased methods (see e.g. Crude Monte Carlo in 6.2.5).

Note that verifying the convergence of the reliability estimation through is only meaningful if

the methodis applied successfully and may otherwise provide a false sense of accuracy. This is
particularly relevanwhen samplingbased methods fail to cover relevant parts of the failure
domain, and hence underestimate the probability of failure and at the sameetgive a low
estimation variance (see Example 6.5).

Box 21. Example 6.5: Convergence of samphbgsed methods

Consider the evaluation of the reliability of the slope stability problem involving 2 layers defined in
Example 6.4, for which FORM converges to the incorrect design point with o8t, while the true
reliability indexX p&o YHere, the performance of samplidgased reliability methods Monte Carlo
simulation (MCS) and importance sampling (IS) is assés8eonvergence criterion based on the
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coefficient of variation in the predicted probability of failure is defined@s  m® mEquation 5.13 is
used to evaluatew» for Monte Carlo simulation, for importance sampling the following raatis used:

6 —h ., — B0

Figure 44 below shows the convergena# the reliability estimation towads the correct solution, together
with the 90% confidence interval:

O Monte Carlo simulation (tofeft) converges in approximateli = 4000 realisations, with the reference
solution falling within the confidence interval.

O Importance sampling with an impanhce distribution centered at the secondary design point found
with FORM (topight) shows very poor convergence, and an initial false tendency to converge towards
) o8t

O Importance sampling based on the same FORM design point, but with an update of the centre of the
importance distribution whenever a failing sample closer to the origin becomes available (bd#tijmn
initially shows the same tendency of convergiio the incorrect solution, while correct and efficient
convergence is obtained after the importance distribution is updated, here ardim@0.

Importance sampling with the importance distribution centred at the true design point shows correct and
veryefficient (0 ¢ v)monvergence, with the correct solution within the confidence bounds.

Figure 44. Convergence rate for Monte Carlo and Importafiised sampling algorithms.
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This example shows that althougtamplingbased methods converge to the correct solution with
increasing number of realisations, care must be taken when interpreting the confidence in the results,
especially when relatively few realisations are used. Nevertheless, variance reductiongaebkrike
importance sampling can, when applied succesfully, lead to significant improvements in efficiency (orders
of magnitude) compared to Crude Monte Carlo simulation.

Crossverification with multiple reliability methods can be applied to verify thens@stency in the
jpo”jh> n ja m gd\]dgdot \Vil\gtn n) <n m ~jhh"i
should cover, [...] where appropriate, separate calculations as alternatives to reviewing the design
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verified by a second reliability method.

6.3.5 Point estimates

When probability distributions are hard to attain for variables which are supposed to have some
(but not dominant) influence on the probability ekceeding the limit state, point estimates may be
used instead. A point estimate is a deterministic value of a random variable, which ideally assumes
the design point value (in the context of FORM) in case the variable had been modeled as random,
in ordernot to affect the reliability estimate significantly.

The above implies:

a. for variables with hardly any effect on the estimated probability of exceeding the limit state
(due to little uncertainty, or little effect on the limit state function), the best esate (or
expected value) can be used;

b. for variables with moderate effect on the estimated probability of exceeding the limit state,
a cautious estimate can be used.

Case a above is actually equivalent to the selection of random variables described &) 6e3.only
variables with a significant effect on the reliability estimate need to be modeled explicitly as
random variables. Furthermore, important random variables with a significant or even dominant
effect on the reliability estimate, should not bedaced to point estimates, but always be modelled
probabilistically.

A typical situation in which a point estimate is used is when experts may agree on a conservative or
cautious estimate, but data are lacking, and no consensus is achieved on the propdistitibution
(see Example 6.6).

Box 22. Example 6.6: Point estimate of train load for railway embankment slope reliability

An example is the train load for the slope stability analysis of a railway embankment. e load is

often of moderate influence in the stability problem, which is typically dominated by the uncertainty in soil
strength (and the groundwater conditions). The geotechnical engineer may have information on the design
value of the train loads, buhot the underlying statistics. A reliability analysis using the design value of the
train loads should then give a reasonable or slightly conservative estimate of the reliability index.

6.3.6 Reliability -based design values

Occasionally, in reliability verifations only part of the problem may be analyzed probabilistically to
produce reliabilitybased design values, which can then be used in an otherwise-geababilistic
verification. Remember that the basic setpiobabilistic verification format of the Euomdes reads:

& Yo
Equation 60.

implying that the design values of the effects of actiorts shall be less than or equal to the design
value of the corresponding resistance.

We may now treat eitheE or Rin a full prababilistic fashion, while assessing the design value of
the other quantity conventionally. When assessed fully probabilistically, the design values are
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assessed at a specific probability of exceedance according to theadled design value method
(which & otherwise used for calibration of partial factors, see EN 1990 Annex C):

Q="0'B |d-y
Equation 61.

. — "~ 1

Yo="Q B |+ -y
Equation 62.

where5;is the target reliability index, antk and Us are the FORM influence coefficients of the
normaktdistributedEand R respectively. The probabilistic analysistbbr Rwould deliver the
corresponding probability distributiorts or Fr, from which the @sign value is obtained at the
nk  ~"dad” _ I p\iodg jm kmj]l]\]dgdot ja ~ s~ > _\jin"~
Annex C also presents the general case for any variable, providing specific solutions for commonly
used probability distributiongNormal, Lognormal and Gumbel).

Since the actual FORM influence coefficients are unknown in the absence of a complete reliability
analysis, EN 1990 Annex C provides approximate values which can be used, based on ISO
2394:2015 (seeTable 24).

Table 24. Recommended influence coefficients)(

of A

Dominating resistance parameter 0.8

Other resistance parameter 0.4x0.8=0.32
Dominating load parameter ,0.7

Other load parameters ,04x0.7=0.28

Source: ISO 2394:2015 (Table E.3)

EN 1990 Annex C adds that influence factorsléf= 1 or Uk =, 1 should be used when the variable
of interest dominates the reliability problem (conservative approach). Notice that this approach is
equivalent to the reliability targets for resistance or actions as described in section 4.3, only
embedded in a dierent format or presentation.

Box 23. Example 67: Design value of effects of actions for sheet pile wall

In this example we suppose we have done a probabilistic analysis of the stresses in a steel sheet pile|wall,
using Monte Carlo simulation. The resulting probability distribution of the stresses (maximum over depth) is
characterized by a lognormal distribution with me200 kPa and standard deviatioR2 kPa (.e. coefficient
of variation of 11 %; seeFigure 45 below).

We now want to compare the design value of the stresses (effects of actions) with the yield stress of the
steel (corresponding strength), i.e.UER;. To obtain the design value; HsingEquation 49, we assume a
target reliability index otbr = 3.8 for CC2, and an influence coefficient @ = -0.7. The resulting design
value is determined as:

O O B |1 0 B ixio®h O TW PG eRDO
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In other words, the design value of the stresses (effects of actions) is determined at a probability of
exceedance 0b O O @ Pin this case.

Figure 45. Comparison between the probability distribution of variaBland associated design valug,,
when accounting for the influence coefficieat
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6.3.7 Conditional reliability analysis / fragility curve approach

When evaluating small probabilities of failure for a multivariate problem in whackingle
independent (load) variable governs the exceedance of the limit state, theadled fragility curve
approach can be used. When an independent and significant varkiBedentified, conditional
probabilitiesP.(X | X =x ) can be evaluatedor a series of valuesq of X. The resulting conditional
probabilities can be presented in a fragility curé ( 5 plot). The total probability can then be
evaluated by integrating out the random variabl¢

G‘Q L = . G‘Q ég:)o: W “@’O wdw
Equation 63.

This Edimensional integral can be evaluated by numerical integration. Besides a potential gain in
the efficiency of the reliability method, the reliability curve gives insight into the sensitivity of the
problem to variations in the single independent (load) variable. This approach is usually applied to
load-related variables (water levels, foundation logdtc.), as illustrated in Example 6.8.

Box 24. Example 6.8: Fragility curves

Consider the following example of a flood embankment (river dike) as an illustration of working with
fragility curves Figure 46). Wherassessing slope stability of the embankment, we may find very different
failure behaviour for different water levels (i.e. the main loads), for example deep versus shallow failure
surfaces.
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Figure 46. Schematisation of a flood embankment for the analysis of reliability conditional to different water
tables.

Qmspac8 ?srfmpgB mul ump i

In such a situation, it can be beneficial to do conditional reliability analyses for discrete water levels t
have better insight into the reliability and dominating uncertainties at each level of the load. Furthermare,
reliability methods like FORM may suffer from convergence issues when the water level is considered as a
continuous random variable, due to tlehanging failure modes for varying water levels. We assume tha
the reliability indexf( ) belonging to the conditional probability of failure for given water levéls ( Q
has been determined as shown in the table below:

water levelh [m+REF] 2.0 3.0 4.0 6.0
conditional reliability inde®cond 5.0 3.5 1.0 -4.0

Furthermore, we assume that the probability distribution of the annual maximum water level is captured by
a Normal distribution with meady = 2.0 m and standard deviatioh, = 0.75 m. Both, the conditional
reliability index5c.ns and the water level distributiofiy(h) are depictedn Figure 47.

Figure 47. Fragilitycurve conditional to the water level h with water level distribution f _H (h). The area under
the weighted curve (shaded in blue) represents the total probability, showing that water levels around h=4 m
+ref. contribute most to the failure protality.
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6.4 Benchmark example

This exampleRigure 48) is based on geotechnical Benchmark problem 3 of the GEC32iNdt

concerns a retaining wall problem with 4 independent random variables. Three linté Biactions

(01, g2 and gs) are considered including sliding, bearing capacity and overturning. The purpose of this
example is to examine the robustness of each reliability method for problems with multiple failure
modes, when they are combined in a siadimit state functiongsy{X):

Qs £ =mn QL QL gL
Equation 64.
Four deterministic dimensions are defined, together with four independent random variables for the

soil propertiesx = {51, 52, | 1,1 2}, Table 25

Figure 48. Problem sketch for gravity wall example

L @), V2

soil 2 (foundation)

SourceChing & Hsieh (2011)

Table 25. Deterministic and stochastic variables in the gravity wekample problem.

Variable Description Distribution Statistics

B Top width of the wall deterministic 25m

H Height of the wall deterministic 40m

L Bottom of the wall deterministic 35m

U] Slope of the backfill soil | deterministic 5.0°

o} Unit weightof the backfill | Normal 2 =19.0 KN/m3
soil V=0.10

27 Unit weight of the Normal 2 =17.0 KN/m3
foundation soil

® http://140.112.12.21/issmge/reliability_benchmark/ GEOSNet_TG3_Example_3.doc
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Variable Description Distribution Statistics

V=0.10
G, Friction angle of the Normal 2 =35°
backiill soil (truncated at¢, © RDF =0 wWherii,<U) | V=0.10
4, Friction angle of the Normal 2 =35°
foundation soil V=0.10
Qmspac8 ?srfmpgB mul umpi

6.4.1 Limit state function

The system limit state function is formulated as the minimum of three component limit states,
expressing the three associated failure mechanisms as follows:

(X)) =[Pasin( 1+ ) +WetWk]tan ., P.cos( 1+ ) (sliding)
Mw RO © 0i Q8 — (bearing capacity)
93(X) = Mr, Mo (overturning)
with
Pa = active force
1 = friction angle between the backfill and the back of the wall
2 = friction angle between the foundation soil and base of the wall
d. = friction angle of the backfill soil
d. = friction angle of the foundation soll

W,+Wk = the weigh of the retaining wall
B = top width of the retaining wall

L = bottom width of the retaining wall
= slope of the backfill soil

q = bearing capacity of foundation soil

H = height of the retaining wall

= back angle of the retaining wall

Mg = resisting moment

Mo = overturning moment

where

Wi, = 23.58tBtH (unit weight of the retaining wall: 23.58 kN/in
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O p — ('O from Hanna and Meyerhof (1981)), whereis the inclination angle of
the total foundation loading
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The above equations make upé geotechnical model for the three limit states and are
implemented in a single system limit state functic® e [ ETQ e HQ e HQ e hassuming
a series system.

6.4.2 Reliability methods

A series of reliability methods is applil to evaluate the (system) reliability of the retaining wall. For
the samplingbase reliability methods, a convergence criterion based on the coefficient of variation
in the estimated probability of failureo < 0.10 is used. This allows a relaé comparison in terms

of accuracy and efficiency (i.e. how many computations are needed). A total of 12 reliability
methods are used, most of which are discussed in Section 6.2. In addition, the second order
reliability method (SORM, Breitung (198%)is used, which is a secordrder extension of FORM,
accounting for the curvature of the limit state at the design point. A surrogatedel approach is

used as well by applying two versions of AKCS, which is an active learning reliability method
combining Kiging and Monte Carlo simulation (Echard et al., 2011). Here, a krigiisgd surrogate
model is constructed for efficiently performing a Monte Carlo analysis.

Table 26 contains the calculated reliability index and the requiraghmber of limit state function
evaluations.

10 Breitung, K., 4 3/ °<nthkojod” <kkmjsdh\odjin ajm HBeodij mh\ g
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Table 26. Results of the reliability analysis of GEOSNet benchmark problem 3 using different reliability
methods.

Method Ays (relative error) Number of LSF evaluations

Monte Carlo simulation 2.884 (-1.1%) 51,000

Importance sampling 2.889 (0.9%) 358

(around FORM design point)

Adaptive importance sampling 2.957 (+1.4%) 519

Subset simulation 2977 (+2.1%) 7,228

Directional sampling 2.889 (-0.9%) 6,487

FOSM (forward difference) 5.481 5

FOSM (central difference) 5.460 9

Point estimate method 5.446 16

FORM 2.922 (+0.2%) 36

SORM 3.097 (+6.2%) 52

AK-MCS (zeranean) 2.931 (+0.5%) 90

AKMCS (linear trend) 2.901 (0.5%) 82

Monte Carlo simulation (reference) 2.917 (-) 100,000,000
Qmspac8 ?srfmpqgB mul umpi

Monte Carlo simulation usink = 10® samples is used as a reference solution. The estimates of the
reliability index indicate that, with the exceptiai the first-order second moment (FOSM) method
and point estimate method (PEM), all methods give rather accurate results, with relative errors for
samplingbased methods in line with the convergence criteriorunf< 0.10.

FOSM and PEM seem inadete for this type of problems: despite all variables following a normal
distribution, the norinearities in the limit state functiongs,{(X), probably arising from the system
reliability aspect, result in unacceptable errors.

FORM gives very accuratesigts, suggesting that the limit state function is rather linear around the
design point, and that the problem is governed by a single failure mechanism. In fact, for the given
distributions, the limit state for bearing capacity(x) governs the system tdebility with a reliability
indexr =2.917, while the other reliability indices are mubligher{ ,i >5.0).

In terms of efficiency, the results show clearly that (adaptive) importance sampling is the most
efficient samplingbased method for this problem, which is partly because the design point can
accurately be determined using FORM in order to define a suitable importance sampling distribution.
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The evaluation of reliability methods on more geotechnical benchmark probeamshe found on
the website of TG30%4 and in Muhammad Rayyan (2021).

6.4.3 FORM design point and influence factor

The results of the first order reliability method analysis are used to showcase the design point as
the mostlikely combination of parameters leadjnto failure (see 0). The design point values for the
stochastic parameters*, the design point values in standartbrmal spaceu*, and the
corresponding alpha influence factots* are given inTable 27.

Table 27. Design point values and influence factors for GEOSNet benchmark problem 3 based on the FORM
analysis.

Random variable Design point value x* | Design point value u* | Influence factor U*

21 ~ N(19.0, 1.9) 19.90 kN/n¥ 0471 -0.161

2, ~N(17.0,1.7) 16.26 kN/n¥ -0.434 0.148

G, ~ N(35.0, 3.5) 32.39 degree -0.747 0.255

(i, ~ N(35.0, 3.5) 25.35 degree -2.756 0.942
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The uncertainty in the friction angle of the foundation s@il is dominating the limit state of the
retaining wall, while the other stochastic parameters have a modest influence. The negative
influence factorU, =, 0.161 for the unit weight of the backfill materiad; indicates that it acts as a
load variable. In contrast, the unit weight of the foundatiowils, has a positive alpha factor, and

an increase irn; meaning that the foundation soil body contributes to the resistance against failure.

6.5 Random finite element method (RFEM)

Random fields can be used to explicitly model the spatial variability otenial properties and the

effect on the limit state function. Using finite element models enhanced with random fields for the
spatial variation of material properties is known as the random finite element method (RFEM).
Random fields representing the spativariability of soil properties are mapped on the integration
points of the elements. In contrast to the single random variable (or effective distribution) approach,
the random field approach results in a random variable for each integration point irfithiee

element model. This means that the dimensionality of the reliability problem increases to thousands
of variables, and Monte Carlo analysis or subset simulation are the most suitable reliability
methods for evaluating probabilities of failure.

The wse of the explicit modelling of the spatial variability and the resulting structural response in
RFEM, provides predictions of structural performance and the resulting reliability estimates with the
least strong assumptions on the effects of spatial variéity. As such, RFEM results can serve as
reference solutions for approximating approaches with stronger assumptions, such as simplification

11 http://140.112.12.21/issmge/tc304.htm
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to a single random variable. Ideally, a single random variable approach is based on, or calibrated
against, RFEM aifyses.

Example 6.9 shows the results of an RFEM analysis in a reference situation in which the entire soil
domain is considered as a single material in which the strength parameters (undrained shear
strength in this case) are spatially variable. The riisig distributions of the factor of safety (one
considering the point statistics combined for a homogeneous soil and one based on RFEM analysis)
shows that the results of RFEM have a lower mean in combination with a lower variance. The lower
mean is due ¢ the weakest path seeking of the failure mechanism, the lower variance due to the
spatial averaging over that failure mechanism.

6.5.1 Software

The random finite element method is an advanced modelling framework, requiring dedicated finite
element software. Therucial part is the possibility of mapping random fields onto the finite
element mesh, ideally to individual integration points. This can be implemented as an integral part
of the software, or come as an interface option of the finite element softwareetdernal toolboxes

or scripts. Opersource implementations of academic RFEM codes are available as software
accompanying Fenton and Griffiths (2008) . Many commercial (geotechnical) finite element codes
have some form of random field analysis implementeeld. Optum+ , DIANA ), or allow work
arounds to introduce spatial variability in state variables (e.g. through the-aedined soil models

di KG<SDN #K\i d"' - +filesf@ usertefimed conpstitubive relations inP H< O
ABAQUS).

Box 25. Example 6.9: Spatial averaging and attraction to weak zones for slope stability

A 10 meter high 1:2 slope in a spatially variable cohesive soil is analysed under undrained conditiens.
undrained shear strength isonsiderel to have a mean trend equal to j a ¢ 1 ofdkPa, withd
the depth below the top of the slope. Around this mean trend, the undrained shear strength has a
lognormal distribution with coefficient of variatiob 7@ relative to the mean trend (i.e. the standard
deviation is depthdependent). Spatial variability df i  is modelled by means of a Gaussian random
field with a Markov correlation functioh 30 A @bBcta@l , parameterized by the vertical scale of
fluctuation ¢8tm. Variablity of the soil in the horizontal direction is not consider@the random finite
elementmethod is used to evaluate the distribution of the factor of safety against slope failure due to the
uncertainty in the undrained shear strength, explicitly accounfior the spatial variability of the soil. The
results are compared with those based on homogeneous layers, in which the effects of heterogeneity fis not
accounted for (i.e. with a linear trendy =0.3 and3 P).

Figure 49 showsone realization evaluated within the RFEM framework, with the vertical profile of
undrained shear strength and the failure mechanism in the deformed finite elementhmésthis
realization, the failure surface cuts through the horizontally layered soil in the upper part of the domain,
which implies averaging over the spatially variable soil strength profile. The lower part of the failure
surface follows the weakest lagr in the lower part of the domain. As a result of this attraction of the
failure surface to the weakest path, the mobilised strength along the failure surface tends to be lower than
the mean strength. The combined effect of this averaging and weakest gattking results in a
distribution of the structural performance (here in terms B with a lower mean and a lower variance.

This can be seein Figure 50, in which the distribution oFSis shown with and withouaccounting for
spatial variability. The RFEM results shows a narrower distribution with a relative shift to the left. As a
result, FSis on average lowethan calculated based on homogeneous layers because of the mean
reduction, but the calculated probdity of failure is still lower due to the variance reduction.
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Figure 49. One realizatiorof a slope in RFEM with spatially variable undrained shear strength.
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7 Bayesian analysis of geotechnical data

7.1 Introduction

Geotechnical data or measurements of the structural behavior become availablerbefesign,

during construction and during operation of a geotechnical structure. Such data represent evidence
and reduce uncertainties. For example, site investigation data collected at the project site can
provide a more refined description of the geotatcal parameter uncertainty, whictorrects or

updates the prognosis of a d& study. As wellperformance observations like displacement
measurements during construction or operation of a retaining wall are informative for the reliability
of the structue during the (remaining) service life. Bayesian statistics is the paradigm that allows
for integrating prior knowledge with available evidence (i.e. new data) to the end of updating the
probabilistic modebf the structural reliability.

This chapter startsvith an introduction to Bayesian statistics (7.2). Then, it describes the steps for
performing Bayesian inference 7.3. Consequently, it details typical applications of Bayesian
statistics in geotechnical engineering and provides relevant worked examplés/(6). Lastly, the
chapter describes how Bayesian statistics can be applied in the context of the Observational Method
towards an integrated approach of feedbatkiented design and construction

72 Jl ch]l]cjf_m [h~ ~ “checncihm i <[s_m¥% nl

In probabiliy theory, Bayesian statistics is used to describe the probability of an event based on the
available evidence and the prior probability of the event. The latter is also the main point of
difference between Bayesian and Frequentist statistics, i.e. thesidenation of prior knowledge.

Bayesian inference is the statistical inference methodkdo d i b =\ t 'Equ#ioro6&). | m™ h #
. _U-sp0
L
Equation 65.
=\t " n% oc jm h dn “jhbknems: ja oc  ajggjrdib 7~jhk

0 The examined event is denoted By Such an event can be the failure of a slope, the exceedance
of a displacement threshold for a retaining wall, or even a geotechnical parameter taking a
specific value.

0 The evidence, denoted by, can take the form of data such as the occurrence of failure,
measurements of structural response or site investigation.

0 The posterior probabilityP(Ebp) describes the updated knowledge about event occurrence,
conditioned on the evidence.

0 The prior probhility P(E) describes the initial knowledge about event occurrence, before any
evidence has been considered.

0 The likelihood functio®(Ebp) describes the probability that the evidence is true in case the event
is true.

0 The evidence termrP(E) states the prdability of observing the evidence. It is treated as a
normalizing constant, which formally is defined &E$ &(pbE) P(E)dE.
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some evidence and so is expressim terms closer to probability theory. From the statistical

h
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theorem can be used in updating knowledge on the parameterGet a statistical model. The

pk_

=\t

parameter set is conditioned to data y (which assumes the role of evidence in updating) that can be

described by said statistical model through the likelihood functigyb O), which expresses the
likelihood of obtaining the data given the pameter setOis true. The prioand posterior

distributions B and d¥8”) respectively) now define the knowledge on parameter dtefore and

after updating

—-TA 0 «P "FP
L 0P EP P

Equation 66.

The process of developing kntgge from the prior distribution to the posterior distribution through

Bayesian inference is called Bayesian updating. The emphasis of Bayesian updating lies in
combining the prior probability and the likelihood. Ultimately, Bayesian inference provides a
posterior distribution that combines the prior knowledge and the infation contained in the data.

Bayesian updating reduces epistemic (reducible) uncertainty, while aleatory (inherent, irreducible)

uncertainty remains by definition. It is therefore esa&l to take care of the distinction in the
formulation or the probabilistic or statistical model.

Box 26. Example 7.1

An introduction to Bayesian analysis is offered through a simple example.

Suppose that a medical & has accuracy 99% for a disease. This means that the test will show a positive

result 99% of the times the patient has the disease and a negative result 99% of the times the patient

does not have the disease. Also, assume that the disease inflicts 0.0f.8fbe general population. In case a

test is positive, what is the probability that the patient actually suffers from the disease?

For this problem, the examined parameter is whether the patient suffers from the dise@aiid can be
either”Yi 6@ & i@ evidence is that the test is positive:

- 0
The prior distribution oD comes from the percentage that the disease is met in the general population
00 Y mMipe MO O mowb

With Bayesian updating, the probability that’O  "Yi 0,'@iventhetestis 0 & i Q0 "QkXk gt d
theorem:
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values. The first one is actually suffering from the disease and receiving the positive test. The second|is the

prabability of receiving a positive test, which can happen if the patient suffers from the disease and the

test is accurate and the patient does not suffer but the test is inaccurate. After updating, it is revealed that
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the patient has a probability of p Pof suffering from the disease, even though the result is positive. The
reason of such a low probability lies in the prior. Essentially, the disease is rare in the general population.

7.3 Steps for performing Bayesian inference

This section provides suggestionsrfsetting up Bayesian models relevant to geotechnical
engineering problems, performing inference and interpreting the resulting posterior.

7.3.1 Establishing prior distributions

Prior distributions are used to incorporate pegisting knowledge into the updatinprocedure. A

prior distribution can be described with regards to its power in expressing prior knowledge: it can be
informative, expressing definite information about the variables, weakly informative, expressing
partial information about the variablegyr uninformative, expressing general to no information

about the variables. Usually, informative priors are adeghin geotechnical engineering.

Informative prior distributions can be used to affect the updating outcome in two ways. Firstly,
informative piiors allow for the incorporation of prior knowledge in the updating procedure, which is
the principal contribution of the prior in Bayesian updating. For example, such knowledge can
originate from preexisting databases, experience in similar cases, regjiolatasets, or expert

opinion. Secondly, informative priors can be used to impose physical limitations on the updating. As
a result, the posterior distribution assigns zero probability to variable values that are physically
impossible to occur, e. g. netijze friction angle values. Likewise, although weakly informative prior
distributions only provide loose information on the variable, they are largely used to the same end,
bounding the range of possible variable values. Bounding priors can be achievazldnting

specific distribution types (e.g. the lognormal distribution assigns zero probability to negative
values), or bytruncation of the distribution.

Table 18 suggests appropriate prior distribution types for geotechnicalgmaeters, according to
general knowledge. Since most geotechnical parameters cannot take negative values, the
informative prior distributions have been adjusted accordingly. Parameters that typically have a low
coefficient of variation, which implies thahe probability of negative values is trivial, are assigned

a normal prior distribution. In case negative values become an issue, the truncated normal
distribution can be adopted, but cautiously with respect to its impact on Bayesian updating
techniques. Otthe other hand, in case the coefficient of variation is significantly high, the

lognormal distribution is adopted, which allows only positive parameter values by default.

Box 27. Example 7.2Comparison of posteriorgetrieved by updating with weakly informative and
informative priors

This example showcases the effect of prior distribution strength on the posterior using a simple Bayesian
updatingcase.Figure 51 illustratesthe example, with plot a) showing the results when updating with a
weakly informative prior and b) with an informative prior. Bayesian analysis focuses on updating variab
Q. The available data leads to the likelihodahctions shown irFigure 51, whichare the same in both
plots. Both priors have the same mean, but the one of a) is considered as weakly informative for the
problem,because its variance largely exceeds the area of interestdoiOn the other hand, the prior in plg
b) is stronger in conveying information for the updating, since most of its probability mass is located in a
neighborhood relevant to the updating 5.

e

—

The impact of prior strength is evident is the plots. When a weakly informative prior is used, the likelihood
function dominates updating. This means that data hold the greatest influence on the posterior, since the
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prior information does not contributeatisive information for updating. As a result, the likelihood function
constraints the posterior distribution in its neighborhood.

On the other hand, an informative prior is able to mitigate the influence of the likelihood function by
introducing firm prie knowledge into the updating. As seen in plot b), the informative prior is able to draw
the posterior distribution from the neighborhood of the likelihood function. This means that prior knowledge
is actually contributive to updating, which is not solelgtermined by the data. Ultimately, updating is
influenced by the relative strength of the prior knowledge and the information carried by the data,
expressed through the likelihood function.

Figure 51. Comparisonof posteriorsafter updating with a) weakly informative and b) informative priors.
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Box 28. Example 73: Comparison of posteriors retrieved by unbounded and bounded priors.

This example showcases the effeaf prior distribution on the posterior when the former is bounded at
values that hold no geotechnical meaning.

Bayesian analysis is performed for the dry unit weight ( ) of soft soil. Two different approaches are
examined; in the first, a normal prior distribution is adopted, while the second case uses a normal
distribution with truncation at Ttas a prior.

The results of updatingire shown in

This example employed a normal truncated distribution for the sake of presenting the effect of using a
bounded prior distribution by comparing two priors which apart from the truncation behave similarly. In
practical sétings, bounded prior distribution are achieved by utilizing other distribution types, such as the
lognormal distribution.

Figure 52. In plot a) the likelihoodunction provides a noizero likelihood score @  values that are
negative. The normal prior distribution enables updating to consider this region df thedomain.
Eventually, the posterior accredits a probability to negaftive values. On the other hand, a normal

distributiontruncated at/ T prohibits updating from assigning probabilities to that region. As shown
is plot b), even though the likelihood function enables negative values, the prior does not. Thus, the
posterior assigns a probability densiof zero at thel Tiregion.

This example employed a normal truncated distribution for the sake of presenting the effect of using a
bounded prior distribution by comparing two priors which apart from the truncation behave similarly. In
practical sétings, bounded prior distribution are achieved by utilizing other distribution types, such as the
lognormal distribution.
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Figure 52. Comparisorof posteriors after updating with a) untruncated and b) truncated normal prior
distributions
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7.3.2 Formulating the likelihood function

The likelihood function, typically formulated as a probability mass or density function (PDF/PMF),
describes the information contained in the data. Essentially, the likelihoodtion assesses how

likely the parameters are, given a set of observations, by evaluating the probability density of the
observations for all possible distribution parameter sets. In other words, the likelihood describes the
(relative) probability that theparameters are true. Additionally, the likelihood function can

incorporate information on té error of the observed value.

The distribution parameter set is defined by the variables of the Bayesian statistical model. In many
cases, the variables are nat ithe same terms as the observations, which means that a
transformation is imminent. For example, in case the variable of the model is the compressibility of
the soil and the observation is the settlement at the end of the soil improvement phase, the
settlement model must be evaluated to transform a compressibility value to a settlement value.
Thus, the settlement model is part of the likelihood function evaluation and introduces engineering
performance into statistical inference.

Box 29. Example 7.4lmplementation of a likelihood function

This example elaborates how the likelihood function is formed in a case of Bayesian updating for the
volumetric weight[() of a soft soil.

The example assumes that 5 measurementsfofire available at a site, which takes the values:

p@ i @dc®ip@ ¢p & ¢ The goal of updating is to derive the distribution of the mean unit
weight in the site (. The measurements are assumed to be independent, which means that thk tot
likelihood is the product of the individual likelihoods per measurement. Thus, the likelihootidiaman be
defined according to

Equation 67, where, is taken as constant and equal to the standard deviation of the ma&snents

G TR
50 B G h
Equation 67.

Additionally, measurements may not be independent. This scenario is highly relevant when spatial
variability is considered. Ithis case, a joint distribution should be used for the likelihood functiuuation
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68 displays a case where measurements follow a multivariate normal distribution, describéd layd a
covariance matridd, which assumd to be known.

O 7 0wouws

Equation 68.

A0 TR TE P X Ty,
MY p T 0T 0T @
O TP TWW p TTWT T PY?,

T X T 0T T p T@l&

U x o m Y uv p

Figure 53 illustrates the likelihood function per case. A common prior is assumed for both cases, which is

normally distributed with mean p @G and standard deviation s @ QWG . Plot a) exhibits
that the likelihoodfunction of the independent measurement case is narrower and thus inflicts stronger
restrictions to updating. Since the correlation matrix is known, the using dependent measurements
accredits relatively high likelihood scores to a broadange of* . Thus, as shown in plot b), the case with

dependent measurements leads to a wider posterior distribution than the one achieved in the independent

measurement case. Moreover, adopting dependent measurements translates the center of the likelihgod
function and posterior distribution. This effect originates from the covariance matrix.

Figure 53. a) Likelihood functionand b) posterior distributions for independent and dependent
measurements.
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7.3.3 Bayesian inference (updating)

Several methods are available for performing Bayesian inference in differing effectiveness,

applicability and complexity. Selecting an updating method is specific to the problem examined and

the available computational resourse The most common methods are listed below.

7.3.3.1 Numerical integration

l ph > md~\g dio bm\odji dn oc ™ iph md~\g \kkmjsdh\

variable domain and the likelihood function and the prior distribution are calculatedsatyenode.
The posterior density of at each node of the mesh is the product of the likelihood and the prior
values, normalized by the integral of the product over the mesh. Numerical integration can be
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appropriate for low numbers of variables, but becomaamputationally less attractive for say more
than 2 variables and/or very dense grids.

7.3.3.2 Conjugate priors (analytical solution)

In some cases, an analytical formulation exists for the posterior distribution through the use of
conjugate priors (Ang & Tang, 28; Howard Raiffa & Robert Schlaifer, 1961), when the
combination of the prior distribution and the likelihood function leads to a posterior distribution of
known type with analytical formulation. Valid combinations are available in literature.

A simple cae of Bayesian updating using conjugate priors, and apt for application to soil properties,

is inferring the posterior mear?(’) using n normally distributed observations with a sample mean

of - [Firstly, a normal prior distribution parametrized byand nfzis assumed, representing prior

knowledge of the mean (e.g. the layer average). Secondly, a normal likelihood function i®ddop

with a knowng \ md \ i2 (represeniing the site variabilityYhe posterior distribution of' is then

normal distrbuted and described by the mead'( 2$ \ i _ n o\ nphgiven byEquatignd \ odj i #
69 and Equation 70.
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Equation 69.
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Equation 70.

7.3.3.3 Sampling algorithms

Sampling algorithms perform Bayesian inference by directly sampling from the posterior
distribution. After collecting the sample, the posterior distribution can be approximated in
parametrc form. The most common algorithm meeting is Markov Chain Monte Carlo (MCMC),
especially the Metropoligiastings and Gibbs samplers. Hamiltonian Monte Carlo is another efficient
sampling algorithm. While more efficient than numerical integration, sampéifygprithms may still

be prone to long calculation times. Also, for application in a reliability analysis context, it can be
challenging to obtain good posterior distributions in the relevant distribution tails. Some-open
source packages that provide sammj algorithms are: Stan (Stan Development Team, 2020), PyMC
(Salvatier et al., 2016) and Tensorflow Probability (Google research, 2015).

7.3.3.4 Variational Inference

Variational inference is an approximation technique that replaces the unknown posterior digiribut
with a new distribution of known formulation. It then reframes Bayesian inference as an
optimization problem, aiming for the best approximate solution. The objective of optimization is the
maximization of information gain from the evidence.
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7.3.3.5 Selecting a method

Selecting a method depends on the number of parameters in the statistical model, its complexity,
the assumptions that can be adopted and the practical requirements of the performance of the
method, such as computational power and time restrictiddethod suggestions with regards to
characteristics of the examined updating problem are given by the flowchaRigtire 54.

Figure 54. Flowchart for Bayesian inference method selection.
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In inference, typically the likelihood function is evaluated repeatedly and requires the calculation of
a geotechnical model. Hence, the computational cost of evaluating the likelihood function can be
considerable depending on the model us&urrogate modelling can then be an efficient solution.
The additional uncertainty introduced can be reflected as observation uncertainty (similar to
measurement error) in the likelihood function.

7.3.4 Interpreting the posterior distribution

The posterior disibution is the outcome of the inference process and describes the updated
knowledge on the parameters, after incorporating information from the data, the likelihood foncti
and the prior distribution.

Multiple Bayesian statistical models should be exard, since several models can achieve

adequate description of the data. These models need to be compared, to the end of selecting the
most appropriate one. A technique for comparing the statistical models involves withholding part of
the dataset from theinference step and preserving it for model checking (test data). Ultimately, the
model that provides the best description of the test data should be selected, or in other words, the
model that assigns the greatest posterior predictive values to the tesadg@osterior predictive

check) (Gelman et al., 2013). Another metric for model comparison is the Bayesian Information
Criterion (Claeskens & Hjort, 2001), which penalizes the fit of the data by the complexity of the
statistical model. Essentially, if coaped models achieve a similar description of the data, simpler
models are favoured.
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7.3.4.1 Posterior and posterior predictive distributions

The posterior and the posterior predictive distributions are distinguished. The posterior distribution
provides the probality of the updated parameter conditioned on the observed evidence. On the
other hand, the posterior predictive distribution describes the probability of possible unobserved or
futuredata¢*2$' ]\ n" _ ji oc” kjno mdj mencedThepostetiop o dj i
predictive’Q w 2w is given byEquation 71, where" QP is the posterior distribution o# for

evidencey and™Q «&P is the predictive distribution of new data conditional o The distinction
between the psterior and posterior predictive distributions is important to geotechnical

engineering. TiB is explained in example 7.5.

FIV = iRe 2P P

Equation 71.

Box 30. Example %: The importance oposterior and posterior predictive in geotechnical engineering

This example aims to clarify the distinction between the posterior and posterior predictive distributions and
highlight their importance through application in a geotechnical setting.

The exanmple assumes a case of updating the mean of the undrained shear strentfth¢f a site ( ). The
data (0 ) is assumed to follow a normal distributiowith a fixed standard deviation,( ), so the likelihood
function for the model is given by:

0w * h

B
The likelihood function quantifies how well a value ‘of can describe the data. The distribution used in
the likelihood function is the predictive distribution @eonnects the data to the statistical model
parameters. Essentially, this distribution can be used to generate new data or predict the future data. |n
order to derive the posterior predictive distribution, the posterior distribution needs to be integvetad
the predictive distribution to account for uncertainty‘in .

After performing Bayesian updating, the posterior distributiont of is retrieved(Figure 55). Using
Equation 74, the predictive distribution is formed. Its illustian is also provided ifrigure 55. But why is
the distinction between the two important to geotechnical engineering?

Figure 55. Posterior distribution of  and posterior pedictive distribution of'Y.
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In this example, the posterior distribution expresses the belief regarding thef the site, while the
posterior predictive distribution indicates the probability that valuesappear upon further sampling from
the same site. In geotechnical terms, the posterior distribution reflects the mean statistic3fowhile the
posterior predictive reflects the point statistics.

In case a suitable characteristic value has to bdesgted, the effect of averaging determines the relevant
distribution. The two distributions represent the effectié distribution for the two extreme cases of
averaging. The mean statistics are effective when the soil is heterogenous and averaggtigong, while
the point statistics are effective for homogenous soil with no averaging. Then, the characteristic value|can
be selected as an appropriate estimate of the relevant distribution. In-eatreme cases, determining the
effective distribution $ not as straightforward and further evaluation is required.

7.4 Bayesian inference in geotechnical applications

Since ground is a highly variable material, considerable levels of epistemic uncertainty remain with
the typical amounts of site investigation avable. Bayesian inference can reduce that uncertainty.
Moreover, since geotechnical structures are typically-ofi@-kind and engineering judgment plays
an important role, the frequentist approach is of limited use (see e.g Vrouwenvelder (2002),
Baecher2021), Baecher & Christian (2003)) and Bayesianhaiques have clear advantages.

Site investigation is an obvious application for Bayesian inference, as pointed out by Baecher and
Christian (2003) and illustrated ifigure 56. Exsting knowledge of or experience with ground
parameters can be updated by performing Bayesian updating using site investigation data, thus
merging the soft expert knowledge with the hard data from the site. Bayesian applications on site
investigation datacan be divided in two groups: (i) Bayesian parameter estimation, which aims to
update ground parameter distributions; and (ii) dedaven site characterization (DDSC), which
focuses on establishing relationships between ground parameters and map parardisteibutions
over the subsurface of the site.

Figure 56. Schematic logic of probabilistic site characterization (Source: Baecher & Christian 2003)
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Data-driven Site Characterization encongsses techniques that use data of geotechnical site
investigation towards deriving relevant geotechnical parameters, as well as producing a parameter
map of the subsurface. Unfortunately, restrictions such as limited site investigation data availability
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and sparse measurements render most traditional methods inadequate. The Bayesian framework
can deal with small site investigation datasets and robustly quantifies the uncertainty in inferred
parameters, as well as the prediction. This feature is essentiakdysequent uncertainty
guantification in the response of the structure and the assessment of its reliability. DDSC
techniques have been focusing on inferring the parameters of the statistical model and eventually
predicting geotechnical parameters ovesabsoil domain. To that end, several DDSC methods
focus on the recognition of spatial variability patterns, which enable such predictions. The reader is
pointed to the work of (Ching & Phoon, 2019; K. K. Phoon & Ching, 20KL;Rhoon et al., 2022)

for further information on DDSC methods.

Bayesian analysis is the possibility to incorporate performance observations in a quantitative
fashion. Performance observations can be observations, measurements or inspection data of the
structural response to (loadg) conditions. A classical example is the observed survival of a
(significant) load, leading to increased reliability estimates tigb reduced uncertainties. Also
application of the observational method can be implemented in a Bayesian framework.

Some typcal applications of Bayesian updating in geotechnical design with potential benefits are
presented in more detail in the following sections.

7.5 Bayesian parameter estimation

This section is based oexamples 7.67.8 and presents an example of Bayesian paratee

estimation in a practical setting. Specifically, the example demonstrates how several updating
methods (conjugate priors, numerical integration, sampling) can be used to update the mean friction
angle () distribution of a soil layer when lab test dataecome available.

Box 31. Example 7: Bayesian updating of the friction angle with site investigation data using the conjugate
priors method

This example combines prior knowledge with site investigation dajaof the friction angles through
Bayesian updating using the conjugate prior modelling. The quantity of interest is the mean friction ang
of the site.

e

The mean friction angle of a non-cohesive soil layer at a geotechnical site is modelled with a normal
prior distribution witha mean of' & ¢ @t and stardard deviation, s o8t Gaccording taegional data
(measurements at nearby sites in the same geological deposit). Soil samples are collected from the specific
site and 6 direct shear tests arperformed with the following resultsd o §Jc @ &k & &k @ b @ 6
¢ & J The dataset is assumed to be normally distributed and the sample standard deviatipn=ig.22°.

As a reference, the characteristic value as derived from gn®r is equal t022.073 beingthe 5%-quantile
of the prior distribution.

Before performingBayesian parameter estimation, the knowledge on the friction angle is updated using
the Maximum Likelihood approach, which derives the mean friction angle value thmabst likely to be
true according solely to the data. In this simple case, the Maximum Likelihood implementation is equivalent

to deriving the moments of the lab test sample. The mean of samplevis ¢ ® cahd the standard

deviation of the mean is; . % T80 p, Wheret is the number of tests in the sample. Eventually

the characteristic value is calculated a®: W PH T, ¢@to

The resulting posterior distribution of the mean friction angle is againormal distribution with posterior
mean:
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And the standard dewgtion of the posterior mea is:

i j
— — - 5 ™ v J
Finally the characteristic value of the posterior mean friction angle amounts to

. CWT10¢CZcwo

Box 32. Example 77: Bayesian updating of the friction angle with site investigation data using the nume
integration method

rical

This example derives the posterior probability of the mean friction angle by applying Bayes theorem
through numerical integration. Ehlab test data is the same as in the previous example. The variable of
interest is the mean of the friction anglé ().

Following the assumptions made in the previous example, the prior distribution is normal, centered ar

equal to the one of the ample (, ¢& ¢).A grid 1,000 points is defined fdr in the range of
p 81l & O Determining the mesh for the parameter considers aspects such as: areas where the va

is expected to give meaningful probability and likelihood scosesficient grid discretization, computationa

effort. If computation time is not an issue, a regular (evenly spaced) grid can be used.

Following, the prior distribution and likelihood function are calculated per mesh point. Since observati

are assumedo be i.i.d. (i.e. no correlation between lab tests), the multivariate normal likelihood functio

can be evaluated as the product of univariate normal likelihood functions, with each one defined per
observation.

Prior:0 0O ¢ & e

Likelihoodfunction 0 ° B 0 &' h
The calculation results arpresented irhe impact of the lab test data.

Figure 57. The posteriordistribution moves away from the prior distribution and closer to the
neighborhood of the mesh where the greatest likelihood scores are met. This means that the likelihoo
function is significantly stronger than the prior distribution; essefii, the prior knowledge o# is not
influential enough to' sawhen compared tolie impact of the lab test data.

& ¢ Bt and has a standard deviation gf & o8t.0The likelihood function uses a standard deviation
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Figure 57. Prior and posterior distributioand likelihood function over the calcualtion mesh.
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Again, tle characteristic value of the mean friction angle is estimated as thepercentile of the posterior
distribution of* . This leads to¢ C®oOZcwo

Box 33. Example : Bayesian updating of the friath angle with site investigation data using a sampling
method

This example performs Bayesian parameter estimation by drawing samples directly from the posterior
distribution using the Markov Chain Monte Carlo (MCMC) sampling algorithm. The lab test tteta#sne
as in the previous examples.

The formulation of the model is samas in the previous exampl&quation 72 sets the prior distribution

for* , whileEquation 73 shows the implementatiomf the likelihood function.
‘el B @

Equation 72

0 B 0 & h

Equation 73

The resulting histogram of the posterior ghown in

Figure 58 and approximateghe solution given in the previous example. Essentidlg, MCMC sampler is
able to draw samples directly from the prior, without the need to calculate the prior and likelihood and
integrate over a mesh. For higtiimensional problems, the MCMC can lead to considerably less
computational effort.

The resulting chracteristic value of the friction angle is CPXOLZCwd
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Figure 58. Histogram of posterior sample
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The characteristic value results of the examples are collecte@dble 28. All inference methods

offer the samecharacteristic value, which is greater than the one suggested by the prior, because
the data lies at greateil values. Maximum Likelihood Estimation (MLE) (Wasserman, 2004) leads
to the same characteristic value as Bayesian updating methods, even thdudges not incorporate

the influence of the prior distribution. This happens because the likelihood appears to convey strong
information aboutl and eventually overwhelms the effect of prior knowledge.

Table 28. Characteristic vales according to the different Bayesian updating methods of the examples,
assuming normally distributed data.

Characteristic value calculation method =b[ I []In_Il cmnc] p[fo_ "
Prior (expert judgment only) 22
MLE (data only) 29
Conjugate Priors 29
Numericd Integration 29
Sampling algorithm 29
Qmspac8 ?srfmpgB mul umpi

As a result, Bayesian inference does not incorporate significant influence from the prior and is
mostly based on the likelihood. The influence of the prior can only be observed as theetiffe
between MLE and Bayesian methods in the second decimal of the characteristic value. It should be
noted that theoretically the MLE leads to the exact same results as Bayesian methods if the latter
were performed using uninformative priors. All Bayesimaethods have led to the same

characteristic values, with some approximation error being noticeable only in the second decimal.
This example showcases how Bayesian analysis can integrate prior beliefs and available data for
the site in a robust fashion ath how the dynamics between the prior distribution and likelihood
resolve.
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7.6 Reliability updating

Rc' i #k majmh\i~ $ diajmh\odji #A$ dnEqgudtian\ d i

74, which is a reformulation of Equation 45 by ushg the posterior distributioffie. ,as estimated
with the evidencep. This twestep procedure of first updating the probability distribution and

subsequently reevaluating the reliability is oftencgl = _ o c ° “udi _dm> ~o h°
6F|R: ’qu Q
"Q—<0
Equation 74.

ocj _ %)

The upmlated probability offailure P wthen can also be obtained using the definition of conditional

probability Equation 75), whereh(A is the observation function, which describes the relationship

between the evidence and the engineggimodel. Two types of information are distinguishéal.

equality information the evidence implies that the observation is equal to a function of the variable
state, such thatp 3 {h(X) = 0}. Examples are measured displacements or pore water pressures. On
the other hand, inequality information the evidence implies that the observation is greater or lower

than a function of the variable state, such tha@t3 h(X) < 0} Examples of inequality information
are survival of a loading condition, or the (ngaxceeance of threshold values.

., _PQ- 0Q—<0 QP <0
VR T T T 0 Q—<0
Equation 75.
Ocdn \kkmj\”~c dn ~\gg  _ oc -stégproaceduré, withdut updating

the joint probability distribution first. While the direct and indiregtdating are mathematically

equivalent, the direct method is relatively easier to implement, especially with simulation type of
reliability analysis methods such as Monte Carlo simulation or Bayesian Updating with Structural

reliability methods (BUS) (Straw& Papaioannou, 2015). The latter is able to focus and sample
from areas of the posterior distribution that bear significant informa for reliability estimation.

The following example showcases the application of direct updating in a pile survivahgesase. A

more elaborate example of pile survival testing is givierAnnexB to this report

Box 34. Example P: Direct updating of pile reliability in axial loading

The following example demonstrates how the direpdating method can be used to update the reliability
of a pile in axial loading. The prior capacity of the pgitéollows a normal distribution with a mean of

p v@band a standard deviation o 70 The loadF on the pile follows a normal distributin with a mean
of Y M0and a standard deviation of Q0 A proof loadr, is applied on the pile and the pile survives.

In this example, updating is possible with analytical solutions. However, a Monte Carlo simulation is cf
instead for showcasinghe ease of application in problems with more complex definitions of failure. Pile
capacity and load are sampled according to their respective distributions. The prior probability of failun
estimated as given by Crude Monte Carlo simulation; the résglprobability of failure is) "Q c¢& b

which corresponds to a reliability indexiof 1.94.

1st case: Deterministic proof load (no measurement error)

In this case, the proof load is measured to pep@( Since the pile has survived this value, it means tha
its capacity is at leastequal to the proof load and there is no probability of failure for loads lower than th
proof load.
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The sampling of the Monte Carlo simulation can be the same as for the estimation of the prior probabi
of failure. Modifying the direct updating formalto operate with Monte Carlo samples instead of analytic
probability density functions yields the expression below, whafe the proof load measurement.

5

Us

0 G

The updatecprobability of failure isDee 1@  Pwhich corresponds to a reliability indexfof 2.58. The
histogramsof the analysis arevisualized inFigure 59.

lity
a

Figure 59. Histogram of pile load and capacity of Monte Carlo samples for case 1 (reddifier the proof

load value).
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Box 35. Example 7.10Direct updating of pile reliability in axial loading (continued)

2" case: Stochastic proof load (with measurement error)

The second case solution follows the implementatiescribed in the first case. However, this time the
proof load measurement is also a variable, that follows a normal distribution with a meap @f@Gand a
standard deviation op 7Q( and the Monte Carlo simulation should draw samples for it. Follgwine
same formula is applied to estimate the updated probability of failure fag 0.58%, which corresponds
to a reliability index of ¢® ¢The histograms of the analysiare visualized irFigure 60.

Figure 60. Histogram of pile load, capacity and test load of Monte Carlo samples for case 2
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7.7 Observational method

The Observational Method is a design verification method, according to which monittatag

collected during the construction phase of a project can be used to implement design changes
during construction. According to the Observational Method (EN 49%fause 4.7), a range of
possible design variants shall be established, covering ak$eeable relevant ground responses

and groundstructure interaction. Comparing monitoring results to established thresholds during
construction, the appropriate design variant is implemented. A key component is the preplanning of
contingency measures thansure safe transition between design variants, should a threshold be
violated. Typically, the initial design setting includes a considerable level of epistemic uncertainties,
which are the primary reason to the initial design variant not meeting the regruents of a
conventional design verification method. During construction, the ground behavior becomes
apparent through monitoring data. Hence, uncertainty is reduced, and more accurate predictions of
structural behavior can be made. Thus, the main prengitthe Observational Method is

highlighted: flexible design and feedback loops using monitoring data can lead to design
optimization, as opposed to adoptirggconservative design-griori.

Bayesian updating can enrich the Observational Method with prdiséibiinformation on the
evolution of estimates and uncertainties. Monitoring data can be used to update the reliability of
the structure. In this way, actual ground behavior is utilized to reduce epistemic uncertainty and
raise prediction accuracy. Itetige application of this method means that the posterior estimated at
one step of the project is used at the prior of the following step. Developing further, reliability can
be connected to the cost of design measures, to define risk and enable decisi&mngjaising
Bayesian decision theory (Spross & Johanson, 2057man & KorkialaTanttu, 2022).

MoreoverEquation 76 enables the establishment of reliabilithased thresholds, to be used when
verifying structural safety with a riability-based observational method, as detailed in (Spross &
Johansson, 2017) and (Spross & Gasch, 2019). Thestiokl is obtained by equaling. with the
target failure probabilityd , and solving e equation for the thresholeuam, this being the only
unknown.

PQ(*)) 0|00 dlllarm = UQY
Equation 76.

Conceptually, having a reliabilifyased threshold implies thathte target failure probability (relevant
for the construction phase) is violated only when the threshold is. Monitoring during construction
can thereby be used as a means to verify that the structure achieves sufficient reliability, allowing
for a design lss conservative than the ones attained by conventional approaches.

Box 36. Example 7.11Application of the Observational Method for the vertical deformation of a rock pillar

A very long rib pillar is to be excavated iock Figure 61 a). The limit state concerns its vertical strain ,
which must not exceed a maximum strain  ,i.e.”O&® - - , where® collects a number of
underlying rock rass properties as random variables (the reader is referredmoss and Johansson
(2017) for the complete getechnicalmodel). In this cas® s set equal tordt 1t.@erforming a reliability
based analysis (e.g. using Monte Carlo simulatioig found that for an unsupported pillar, the probability
of limit state violation at the end of the excavation processlis T8t Tt T which exceedshe target
failure probability However, if four horizontal rock anchors are added to the model to peebnfinement,
0 becomes negligibleThe decision maker now stands before two alternatives:

O Adopt the more expensive design using the rock anchors (i.e. a conventional design),
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O Applythe Observational Method to reduce thmcertainty about the rok mass properties by
monitoring the deformation of the unreinforced pillar during the excavation process.

The excavation is assumed to be carried out stepwise, making the pillar thinner and thinner with each|step.
Measurements are made after each excawatistep, providing a number of measurements from which a
trendline is derived to predict the final deformation, including the scatter.

If the actual ground conditions turn out to be favorable, rock anchors will not be needed after all. The
alternatives ae illustrated as a decisiotree inFigure 61 b),togetherwith their corresponding costs. The
cost components are given by (MU = monetary unit):

O anchor system: 150 MU is applied directly or 170 MU if applied date

O advanced monitoring system: 20 MU

O costincrease due to more careful excavation using the observational method: 30 MU
O failure: 5000 MU

The threshold for the vertical strain without anchassfound from Equation 76, leadingto -

™ & p 1t (corresponding t@&a & deformation). This allows evaluation of the probability of the
unsupported design variant being successful: - X @ PHence, threshold violation that
triggers the rockanchor installation occurs witg 1 Iprobability.

A socalled preposterior analysiss visualized by alecision tree irFigure 61 b) and showsthat the
expected cost of applying the observational method is 95 MUilevthe expected cost of the conventional
design is 150 MU. The analysis is performed by weighing the costs with respect to their probability of
occurrence in the decision tree. Based on the result, amisitral decision maker should choose the
observatonal method. Note however that if the observations trigger the contingency measure to install
rock anchors, the final cost becomes larger (220 MU) than that of the conventional design alternative. A
risk-avoiding decision maker may therefore consider ttenventional design better, as it comes with
known cost.

l jo° oc\o di ocdn ~\n° oc® ~“c 'k no njgpodji |dn
leading to a cost expectation afgt Tt z@ T WY ¢ & “YWhether this is legally allowed may depend
on the type of limit state (SLS or ULS) and the National Annex) as T8t 1t Tegpceeds)

Figure 61. a) Section of the analysed rib pillar. b) Rfve analysed rib pillar, the observational method is
found more favorable, because the expected cost of that design alternative (95 Monetary Units) is less than
that of the conventional design (150 MU)

Overlying rock
[
|
| a)
L
[ Rock anchors d L
-+ —
Excavation r Rib pillar > Excavation H
-+
e

SourceSpross and Johansson (2017), ®BY http://creativecommons.org/licenses/by/4.0/
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